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SYNOPSIS, 

She univalent functions have been extensively studied 
during the last seventy years by different research workers. 
Bieberhach conjectured the famous Bieberbach conjecture in 
I9I6, Recently this conjecture has been settled affirmatively 
by Louis de Branges [U.S.S^R. Academy of Sciences Steklov 
Mathematical Institute Leningard], An independent proof of this 
conjecture is given by Pommerenke and Pitzgerad also. 

Since 1916 till the mid of 1984 (i.e. for 68 years) many 
prominent mathematicians tried to settle this conjecture in 
its full generality but failed to do so. This led to the 
investigation of several subclasses of univalent functions, 
in turn benefitted the theory abundantly ,due to the introduction 
of new concepts and techniques. Usually the types of problems 
studied consists (a) coefficient estimates (b) bounds of 
^2'^'*^ ^^'3. arg f’(2) (c) Dostortion theorems i.e, the 

determination of lower and upper estimates of lf(z)l , lf'(z)l 
and etc. (d) Radii of univalency, starlikeness , 

convexity and close^to'^convexity etc, (e) study of certain 
operators which are either class preserving or give a relation 
between two classes (f) Extremal problems. 

The present thesis consists of six chapters. Chapter I 
gives a brief introduction to certain aspects of the theory of 



univalent and multivalent functions needed in the prepration 
of the work presented in the following chapters. 

In Chapter II the subclasses S*»^(A,B), (~1 < B < A < 1) 
of close-to—convex functions hSVCbeen introduced, certain 
integral transforms in this class have been considered, A 
necessary and sufficient condition in terms of convolutions 

^ IQ / \ 

for a function to be in S ’ has been obtained. It is 

Jd 

* n / \ 

further shown that (A,BJ is closed under convolution 

with the class of convex functions. Coefficient estimates 
S^^^(A,B) and ^^(l-2a,-l) (with fixed (n+l)th 
coefficient for f in the class (l-Sa,-!) have been 

obtained, Bor any complex number , maximum value of the 

p 

functional [a^^agl for functions in this class hag’.j ^een 
determined, Bor different choices of parameters n, A and B, 
the results of this' chapter yield along with some new results, 
the results of G-oel and Mehrok (lamkang J, Math, ^ (1982)), 
Silverman, Silvia and lelago (Math, z, 16^2 (1978), 2), Silverman 
and Silvia (Rocky Mountain J, Math, W (1980)) etc. 

In Chapter III, the class M(X^,X 2 ) has been introduced. 
Using the technique of differential subordination, recently 
developed by S,S, Miller and P.I. Mocanu (Michigan Math, J, ^ 
(1980)), it has been shown that for Xg <_ 0, functions in 
M(x^,X 2 ) are star like and for functions in 

M(x^,Xg) are convex, M(X^,0) is nothing but the Mocanu class 
of X— convex functions. An open problem that for Xg > 0 and , 
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^ 1+^2 < 1, the functions in M(X]_,Xg) are star like has keen 
posed. Using the same technique, the subordination between 
certain class of functions have been obtained. The results 
of this chapter yield along with some nev; results, the 
results obtained by Miller and Mocanu (Michigan Math, J, ^ 
(1980)), Mocanu and Reade (Mathematica (cluj) ^ (43)? 1(1978)), 

In Chapter IV, the order of star likeness of a certain 
integral operator on certain subclasses of univalent and 
multivalent starlike functions hag* , been obtained by using 
tne sharp subordination results recently established by 
Miller and Mocanu (Lecture Rotes in Math,, 1013 Springer, 

Berlin Rew York 1983, 292-3 10) as well as a lemma due to 
D,R, Wilken and !■, Reng (J , London I/feth, Soc, (2) ^ (1981), 

The results of this chapter generalise the results obtained 
by several authors, S.S, Miller-, Mocanu and Reade (Mathematica 
(cluj) ^0 (43), 1(1978)), Mocanu, Reade and Ripoanu (Mathematica 
(cluj) 1^ (42), 1(1977)), St, Ruschwey and V, Singh (Rev, Roum, 
Math, Puros Appl, ^ (1979)), K,S , Padmanabhan and G,L, Reddy 
(Bull, Aust. Math. Sou. ^ (1982)) etc. 

Chapter V deals with certain subclasses s|’(a,b) , 

Qjj(a,A,B), R^(A,B), (-1 < B < A < 1), (jaj < ti /2) of univalent 
functions having R initial missing coefficients. Coefficient 
estimates, destortion properties and a coefficient inequality 
have been established for f(z) in the classes Sjj (A , B ) and 
R“(A,B), The sharp estimates for arc length and area for 
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£( 2 ) G B.^(AjB) have been obtained, A condition depending 
upon X,A,B and a has been deduced such that (1+A)2 + 

X(f ( 2 )*zh' ( 2 )) belongs to R^(AjB) whenever £( 2 ) and h(z) 
belong to R^(A,B), The integral representation, distortions 
and some coe££icient estimates have been obtained £or £( 2 ) 
belonging to Qjj(a ,A,B) , It has been observed that the 
extremal £unctions £or coe££icient estimates and distortion 
properties £or the above classes are h-iold symmetric £unctions , 
The results o£ this chapter yield along with some other results, 
the results obtained by G-oel and Mehrok (Indian J, Pure Appl, 
Math. ^ (1981)), Jakubowski, Z.J,, Kaminiski, J. (Rev, Roum, 
Math, Pures Appl. ^ (1978)), Juneja and Mogra (Bull, Sci, 

Math, (2) 1 ^ (1979)), 

VI, the last chapter is devoted to the study o£ a certain 
integral operator on various subclasses o£ £unctions o£ the 

£orm £(z)=~+a^+ Z regular in 0 < [zj < 1, 

n=l 

Some results o£ G-oel and Sohi (Glasnik Matematicki (1981)) 
have been corrected and generalized. 



CHAPTER I 


INTRODUOTIOH 


1,1 Let L Le a domain (an open connected suLset of the 
complex plane), A univalent function in I) is characterized 
hy the fact that it takes in D no value more than once and 
consequently, it maps D onto a domain vvhich is not self- 
overlapping and ha-^ no branch point. A necessary condition 
for an analytic function f(z) to be univalent in D is 
that f ' ( 2 ) ^ 0 in D, but this condition is not sufficient to 
ensure that f(z) is univalent in D, This can be seen by 
considering the function f(z;) = e^ whose derivative never 
vanishes but it is not univalent in D = { [z[ < E.} where R > ir. 

The interplay of geometry and analysis is perhaps the 
most fascinating aspect of complex function theory and the 
theory of univalent functions brings out this interplay very 
elegantly, Riemann mapping theorem asserts that any simply 
connected dcmain in the complex plane with more than one 
boundary point can be mapped conformally onto the interior- 
of the unit disc. One may therefore confine, without loss 
of generality, to functions regular and univalent in the 
unit disc U={zilzl<l}, If f(z) is regular and univalent 
in U, so is the function f(z) = since f'(0) ^ 0, 

Thus it is enough to consider the functions in H which are 
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nermalized Toy the condition f(0) = f ’ (0)-l = 0, Let H 
denote the oln-ss of functions f(z) regular in U normalized 
by the above conditions and S denote the subclass of H 
consisting of univalent functions, let f G S, the Taylor 
expansion of f about the origin is given by 

oo 

(1.1.1) f(z) = z + I a z^ 

n=2 ^ 

Origin of the theory of univalent functions can be traced 

back to the paper of P, Koebe [39] in which he proved in 

particular that there exists a constant K (called Koebe ’s 

constant) such that the boundary of map of U by any 

univalent function w = f (z) is in S is always at a distance 

not less than K from w = 0, Koebe’s work attracted the 

attention of other great analysists such as Bieberbach, 

G-ronwall, Spencer, Goluzin, Rogosinski, Robinson, Littlewood, 

I’dwner, Schiffer and others. Gronwall [E3] obtained the well 

Imovm area principle. With tne help of that Bieberbach [9] 

1 

obtained the precise value of K = ^. Also, he proved that 
^ £( 2 ) e S, He showed that the equality in this 

estimate is attained for the functions 

(1.1.2) f (z) = • ■ -- lei = 1 

(l+Gz) 

known as the Koebe functions , Motivated by the extremal 
property of the Koebe functions, Bieberbach [ 9 ] conjectured 

00 

that for every f(z) = z + E a z belonging to S 

n=2 

(1.1.3) ja^l < n 
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Since 1916 upto the mid of 1984 (i.e, for 68 years) 
many eminent mathematicians such as Lo?/ner[47] , 

G-arahedian and Schiffer [ I5J , Pederson [68], 

Littlewood [ 45] , Bazile-vic [5] , Hayman [24] , 

Blherhach [9 ] , Horowitz[29] tried to prove this conjecture 

in full generality hut failed to do so. Recently this 
conjecture has heen proved by Louis de Branges [ 46 ] , 

Other conjectures concerning univalent functions are 
Milin conjecture [52] , Robertson conjecture [75] , Sheil- 
Small conjecture [86] , Rogosinski conjecture [76] , 

Asymptotic Bieberbach conjecture [26] littlewood 
conjecture [45] . 

It is interesting to note that seven of the coefficient 
conjectures are related by a chain of implications given 
by, Milin conjecture ==> Robertson conjecture ==> Sheil— 

Small conjecture ==> Rogosinski conjecture ==> Bieberbach 
conjecture ==> Asymptotic Bieberbach conjecture ==> Littlewood 
conjecture , 

Ihe concept of univalency can be extended to p-valency 
for functions regular in the unit disc U , A regular 
p-valent function f(z) = w has at most p solutions and 
there exists a belonging to f(U) such that f(z) = 

has exactly p solutions in U . 
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Various developments in the theory of univalent and 
multivalent functions have been surveyed hy Montel [ 64 ] 
Schaeffer and Spencer [85] , Bernardi [ 6 ] , Hayman [ 27 ] , 

Krzyz [40 ] , G-oodman [ 21] , Pommerenke [69] etc. Important 
aspects of the subject have been covered in the books of 
hehari [65] , Goluzin [20] , Pommerenke [ 70] , Hayman [ 25 ] , 
Jenkins [ 34 ] and in recent two volume monograph of Goodman 
[ 22 ] . A recent exhaustive biblography of schilcht functions 

[ 8 ] by Bernardi is also available listing the literature 
on the subject till 1981. 

1,2 In this section v;e list some well known subclasses of S 
which play a significant role in the study of univalent 
functions , 

A function f(z) in S is said to be starlike with 
respect to the origin, if it maps U onto a domain starlike 
with respect to the origin, A domain D is called starlike 
with respect to the origin if the line segment joining origin 
to any point of D is in D. The class of such functions 
is denoted by S*. It is well known [65] that a function 
f(z) belonging to H is in S* if and only if 

(1.2.1) Re ^ 0 ^ 2 e U. 

The geometric interpretation of (1.2.1) is that for each 
fixed r (0 < r < arg f(re^®) strictly inoreases with 0 , 
0^0 < 2n:. Robertson [74] introduced the concept of order 
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for star like functions as follows: A function f ( 2 ) in H 
is said to be star like of order a(0<cx<l) in U if 

(1.2.2) Re > a, for s G U. 

The class of such functions is denoted by S*(a) . 

A function f (s) in S is said to be convex in U, 
if it maps U onto a convex domain. A domain D is 
convex if whenever and Sg belong to D, then so is 

the line segment joining 2 ^ and 2 g. We shall denote the 
class of convex functions by K, 

A necessary and sufficient condition for a function 
f(s) in S to belong to K is 

( 1 . 2 . 3 ) R© { 1+ } y Oj 2 G U, 

Geometrically the condition (1,2,3) means that 
w = f(re^®) maps each circle jsj = r < 1 onto a simple 
closed contour whose tangent rotates monotonically as 6 
increases in the counter-clockwise direction, 

A function f( 2 ) in S is said to belong to 
K(a) (0 < a < 1), the class of functions convex of order a 

(1«2«4) Re {1+ y (Xf 2 G U , 

W, Iiaplan[37] defined the class of olose-to~oonvex 


if 


in the following way: 
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A function f(z) in H is said to belong to G, the 
c2a,ss of functions close-to convex in U, if there exists 
a g(z) e K such that 

(1.2.5) Re i ‘ ■ '} >0 

0^rg * (z ) 

for some real p with jp[ < %/2, 

He further characterized close— to— convex functions in the 
following manners 

^plan [ 37 I A function f(z) in H is close— to— convex 
in U if and only if 

Og 

(1.2.6) f Re [ 1+ (z^^^ d0 > — It 

01 

where . 0i < eg, z = re^® and r < 1. 

Geometrically the condition (1,2,6) implies that the 
image of C^= {zs|zl=r} under f(z) belonging to C has no 
’’large hairpin’’ turns i,e, there are no sections of the 
curve f(G^) in which the tangent vector turns backward 
through an angle greater than it. 

libera [ 43 ] introduced the concept of order a(0 < a < 1) 
and type r for close-to-convex functions, 

A function f(z) in H is said to be olose-to— convex of 
order a (0 < a < 1) and type t(0 < < 1) if there exists 

a g(z) in S*(t) such that 



(1.2.7) 


7 


Ee[ ^§[■1-)'^] > a, z e U. 

She class of such functions is denoted by C(a,'t^). Obviously 

C(0,0) =C . 

Another interesting subclass of univalent functions is the 
class of a-convex funci^ions introduced by Mocanu f 60 ] 

A function f(z) in H is said to a~convex in U if 
^ 0 and 


(1,2.8) Re { (l-'a) oi:(l+ ^ Oj for z G IJ « 

The class of such functions is denoted by M(a) . Miller, 
Mocanu and Reade have shown that if f(z) belong to M(a) 
for a ^ 1, then f(z) is convex while if a < 1, then f (z) 
is star like , They [58] obtained the integral representation 

for a function f (z) in M(a) for a > 0, In fact they have 
shown; 

f(z) is in M(a), (a > O) if and only if there exists a 
function I’(z) in S* such that 


(1.2,9) 


f (z) 


z 


[- f 

^ (T 

u, Q 


oc oc 

] 


where branches are selected properly. Thus there exists a 
one-one correspondence between S* and M(a), for a > 0, 
Bajpai and Silvia [5] introduced the concept of order |3 
for a~convex functions as follows: 



8 


A function f(z) in H is said to "be a~convex of 
order p if ^ 0 and 

(1.2.10) Re i (1— a) + a (1+ ^ for z G U 

v/here ~oo < a < “ and 0 ^ p < 1 , The class of such functions 
is denoted Toy M^(a) . Olcviously M^(a) =M(a), 

A function f(z) in H is said to belong to R if 

(1.2.11) Re f’(z) > 0, for z G U. 

Ihe class R is introduced by Macgreger. 

let R(a) (0 ^ a < 1) denote the class of functions 
f(z) in H such that 

(1.2.12) Re f'(z) > a, for z G U. 

Ob-viously R(a)^R and R consists of univalent functions 
only . 

1,3 let B denote the class of functions (jo(z) analytic 

V w 

in U with w(o) = 0 and lw(z)| <1, is known as the 

class of Schwarz functions . 

Important lemmas for a)(z) G 

-^TKr4-»»rfi m t ~i t 

lemm^ 1^,3 ,,1. Schwarz lemma [65] If w(z) is in B^, 'then 
l6)(z)l <_ |z|, eauality holds if and only if m(z) = kz 
where lk[ =1. 
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Le iTiTTia 1 ,5.2. Koegli^ and^ Merk£ [ 38 ] If Cl)(z) = T 
in and ju, is any complex number, ihen 

(1.3.1) jcg-ziG^I <, max |1,1 ju[} 


‘let 1 ( 2 ) and B(z) be analytic in U, We say 
subordinate to B(z), denoted by f(z) << 1 ( 2 ), 
exists a schwarz function ^(z) sucb that 




n 


is 


f(z) is 
if there 


(1.3.2) f (z) = ^(^(z)) 

If f(z) << F(s), then the follov;ing satisfied 

(i) f (U) c I'(U) 

(ii) f(IJ^) ^ I'(TJ^) where = { zs [zj < r < 1 } 

(iii) max lf(z)| < max 11 ( 2)1 

1 z 1 £r "" 1 z ^r 

(iy) max (1~1 z} ^) If ' (z) 1 < max (1-*1 zl ^) jl’ (z) ] (0<r<l) 

1 z 1 <r *“ “ 

Ihe most important case is when the subordinating function 
is univalent . 

Lemm a 1. 3.3. If f(z) and l(z) be analytic in IJ and 
l(z) is univalent in IT, then f (z) << l(z) if and only if 
f(0) =1(0) and f (U) £l(U). 

If we combine (ii) with Lemma 1.3.3 we obtain the useful 
principle of subordination. If l(z) is univalent in U 
then' f(0) = 1(0) and f (IJ) c 1(U) implies f(U^) ^ l(U^) 
where U^ = {z:lzl <r< 1}, 0<r< 1. 

The definition of h-sub ordination is due to Singh and 
lygel [ 92 ] . 
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Let f (z) and I'(z) be analytic in U, Then f (z) 

will be called L-sub ordinate to l(z) in U, denoted by 

f(z) << FCz) if and only if there exists a schwarz function 
h 

(p(z) such that 

(i) l<P(z)l < Iz^l 

(ii) f(z) = F( 6 )(z)) 


t(z) is called E'~schwars function. For B'=VAis usual 
subordination . 

Another important subclass of analytic functions jt' 
P(A,B). JanowSk;i [33] defined P(A,B) which contain many 
subclasses of interest as special cases, 

O 

A function p(z) = 1 -^pZ + ^ 2 ^ +••'• belong to P(A,B) 

(-1 ^B<A< 1 ) if and only if 


(1,3,3) p(z) << 

Using the definition of subordination we have p(z) G P(A,B) 
if and only if there exists a schwarz function m (z) such 
that 


P(2) 


l4AKz) 

i+p«rzT ' 


Geometrically p(z) is in p(A,B) 
and 


if and only if p( 0 )=l 


(1,3,4) [p(z)— for z G U and B ^ ~ 1 , 

l-B'^ 1~B 
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(1.3.5) Re p(z) > , for 2 e U and B = —1 , 

2 

let P=P(0) denote the class of functions p (z:)=l-+p^ 2 :+P 2 Z +., 
such that 


(1,3,6) Re p(s) > 0 , for s G U. 

One can easily see that p = P(0) = P(lj«l) 

Mccarty [isj defined the class P(a) as follows: 

2 

A function p(z) = l4p^2 + P 2 ^ +... belongs to P(a) if 

Re p( 2 ) > a, for z G U, 

Also, p(a) = P(l-*2a,-l). 


In fact, special choices of parameters A,B lead to familiar 
subclasses of P such as 

(i) p(z) G P(l>"l+^)> M > ^ if and only if |p( 2 )-M| < M 
This class has been defined by Janowski [32] • 

(ii) p(z) G P(l,l-2a),' 0 < a < 1, if and only if 

[p(z) - considered by Shaffer [84] . 

1,4. In recent years various subclasses of univalent 
functions related to P(A,B) have been studied by various 
authors . 

A function f(z) in S* is said to belong to S*(A,B) 

(~1 _<B<A£1) if and only if 


nzj: 


« 


l-fAz 

1+W 


» 


for 2 G TJ . 
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Equivalently', a function f(z) belongs to S*(A,B) if 
and only if is in P(A,B), S*(A,B) have been 

considered by Janowski[33] Goel and Mehrok [l6] . Special 
selections of A and B give different subclasses of S* 
studied by various authors. 

(i) S*(1,0) is considered by Ram Singh [94] » 

(ii) S*(a,0) is considered by Eenigenburg [I 3 ] . 

1 iL 

(iii) S (1,1- u)s M > is considered by Janowski [32] 

(iv) S*(a,=a), 0 < a < 1, is considered by Padmanabhan [66] 

Analogous to the class S*(A,B) ^ we can define the class 
K(A,B) . 

A I'uiictiorL fCz) in S is said to belong to K(A,B) 

if and only if zf ’ ( 2 ) is in S*(A,B) , Clearly K(A,B) 
is a subclass of K for (-1 < B < A ;< 1 ) and 
K(l~2a,~l) = K(a) (O < a < 1) . Eor suitable values of A 
and B, we obtain different subclasses of K. 

A function f(z) in H is said to belong to 

R(A,B) (-1 B < A <_ 1) if and only if 


f«(z) 


l4Az 

1A53z' 


Since Re f’(z) > 0, R(A,B) consists of only univalent 
functions . 


R(A,B) is studied by Juneja and Mogra [35] • Special 
selections of parameters A,B give different subclasses of R, 
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1,5 A function f(z) in H is said to be starlike w.n.t. 
synimetric points if and only if, for every r < 1 and every 
z on Izl = r, the angular velocity of f(z) about 

O ‘ ‘ 

f (-z^) is positive at 2 = as z traverses the circle 
|z|=:r is the positive direction 

Re f >0 , for z e u 

She class of such functions is denoted by S*. Ihe concept 
of starlikeness with respect to symmetric points is due to 
Salsiguchi [ss] . 

Ihe concept of star like functions of order a(0 <. a < 1) 
with respect to n symmetric points (n is a positive 
integer) is due to Rattan Chand [ ll] 

A function f (z) in H is said to be starlike of 
order a(0 < a < 1) with respect to n symmetric points if 


Re 


f zf ’ ( z ) 


- } > a 


for z 6 U, 


21f-l 

where f(z)=^ £ o) ^f(oo"z) and co = e i.e, tne nth 

^ ^ i=0 

root of unity. Ihis class is denoted by Sg>^(a) . 

Recently this class has been extensively studied bjf 

Rattan Ohand [ll] , Prithvipal Singh [93] and T.R. Reddy [73] . 

oo 

1 6 let f(z) = 1 analytic in U, The Hadamard 

n=0 

product of f(z) and g(z), denoted by is defined by 
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f-xgCz) = S 3-3^2 and represents an . analytic function in U, 
n=0 ^ 

Polya and Sdioenlerg conjectured the famous Polya--Schonherg 
conjecture in 1958 , 

Polya Schfloiherg [71] . If f and g are in K, then so is 

the f *g , Suffridge in 1966 shown that under the hypothesis 
of the conjecture^ f*g is close'-to— convex, Ruschevf^jtfjand 
Sheil-Small settled in 1973 the Polya scbcenherg conjecture 
affirmatively. In fact they proved the following four 
theorems [81] , 


Il’^orem 1^.6 * 1 , If f and g are in K, then f *g . is 

also in K, 

Ihepr em JL . 6 .2^. If f is in K and g is in C, then f*g is in 0 , 

Iheor.em 1,6,5, If f and g are odd star like functions, 

then f*g is also an odd star like function. 


Iheprem 1 ,6^,4 , Suppose f and g are in K and <P is 
subordinate to g, then f*<p is subordinate to f-ifg. 


let • - ' - K7-1 \ = E r(a,k)2^ . 


Suffridge in 1976 [97] proved the following remarkable result 

00 

. If a < 1 and f(z) = E r(a,k) a-j^z"^ and 


g(z) = E r (a,k)bT^z are both in ST(a), then 
k=l ^ 


k=l 


00 

f(z) * g(z) = Z r (a,k)a^b, z^ 
a k=l ^ ^ 

is also in SI (a). 

Por a=0, this gives the truth of Polya-^chonberg conjecture. 
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A great deal of work, using convolution technique s^ has 
been done by various authors such as Ruschew'<sxJ3[ 77 , 78, 79] 
Shiel-Small [ 86, 87, 88 ] , Suf fridge [97] , 

Al-Amiri [ 1, 2 ] s Silverman and Silvia [ 96 ] , 

S llverman [ 89 ] etc , 

1,7 let S(p) denote the class of functions 

00 ^ 

(1.7.1) f(z) = z^+ E (P is a positive integer) 

k=p+l ^ 

regular in U , 

A function f(z) in S(p) is said to belong to 
S*(a) (0 £ a < 1) if 

(1.7.2) 

Sp(a) denote the class of functions p -valent star like of 
order a with the zero of order p at the origin. 

Wo shall denote by K„(a) (0 < a < 1) the class of functions 
f(z) in S(p) such that 

(1.7.3) ike 11+ > a . 

Kp(a) is known as the class of p-valent convex functions 
with the zero of order p at the origin. 

1,8. She concept of univalency can be extended to functions 
which are regular in the punctured disc 0 < |z| < 1. Let Z 

”1 "vn 

denote the class of functions f(z) = —+1 a s which are 

^ n=0 ^ 
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reguZLar and univalent in 0 < [zj < 1 except at tlie point 
z=0 where it has a simple pole, let 2^^ denote the 
subclass of functions f(z) in E with Analogous 

to the subclasses S*(a), K(a) of S, subclasses 2*(a) 
and K(a) of S consisting of functions meromorphically 
star like and convex of order a respectively have been 
defined in the following way, 

A function f( 2 ) in S is said to be meromorphically 

starlike of order a(0^a<l) if the complement of 
f(TJ) is starlike of order a v/ith respect to the origin, 

A function f(z) in E is said to belong to E*(a) (0^a<l) 

if and only if 

(1.8.1) —Re ^ ^9 for z S U, 

A function f (z) in E is said to belong to Ej^Ca) (0£a<l) 

if and only if 

(1.9.2) -Re {1+ > a , for z 6 U. 

It can bo easily seen that f G Ejr(a) if and only if 
zf e E*(a). 

Ihe class of functions meromorphically starlike and 
convex arc identified by £*(0) = E* and Ejr(O) = Ej^, 

The class of meromorphic starlike functions h^s^:; been 
extensively studied by Pommerenke[69 ] , Kaezmarski [36] j 
J.S. Miller [49, 50, 5l] Clunie [l2 ] and others. 
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1,9 In recent years various authors studied the integeral 
operator of the form 

(1.9.1) Ip „(f) = f^(w) dw) 

2^0 

Libera studied the integral operator I^ ^(f). He has shown 

P5T 

that whenever f(z) is ±n S*. K or 0, then I^ ^ remains in 
the respective class, Recently V, Singh and Gampbell[lo} phoved 
that if f(z) is univalent, then I^ infinite- 

valent , Hence, the univalency is not preserved under the 
integral operator I^ j_(f). Bernard! [ 7 ] has shown that 
if f ( 2 ) is in S*, K, C or H, then ^ positive 

integer) remains in the respective class, 

Ihe method used by Libera [44] and Bernard! [ 7 ] in 
obtaining above results is not applicable if p and are not 
integers or if |3,r are complex numbers, Lewandow^^fki et, al, 
[ 42 ] in I 976 partially solved this problem by putting (1,9,1) 
in the form of a differential equation, 
let = S’, then 

(1.9.2) p(z) + = g(z) 

where p(z) = and g(z) = • 

Since p(0) = q(0), Ihe differential equation of the form 
(l,a,2) is of Briot-Bouquet type. Several applications of 
these equations have been recently appeared [ 56,57] in the 
theory of univalent and multivalent functions , 
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1,10, Let pCz) "be regular in the unit disc U and 
l^(r,S 5 t) he a complex valued function defined in a domain 
of 0'^ , With some simple conditions on sp Miller and 
Mocanu [55] determined the class of functions W for which 

(1.10.1) ly(p(z),zp’ (z),z^p' ’ (z))l<l, for z eu ==> 1p(z)1 < 

for z 6 U , 

Also, they determined a different class of functions 
for which 

(1.10.2) Be^/(p(z),zp’ (z),z,^p' ’ (z)) > 0, for z G U ==> Re p(z) 

for z 6 TJ, 

Ihey generalized their results in [56] i«e, determined 
the class of functions for which 

ly (p(z),zp* (z),z^p' ’(z))r zGIJJcq ==> {p(z):zeU}c:A , 

Y/here q is a domain and A is a simply connected domain 
whose boundary consists of simple closed regular curve C 
or the pairwise disjoint simple curves each of which converges 
to in both the directions. 

3 

let y s’ 0 G be holomorphic in a domain D and let 
h(z) be univalent in U . Suppose p(z) is regular in U, 
(p(z),zp’ (z),z p’ ’ (z)) G D when z G IJ and p(z) satisfies 
the differential subordination 

^ (p(z),zp» (z), z^p'»(z)) « h(z). 


(1.10.3) 
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A uni-valent function g(z;) is said to "be a dominant of 
the differential subordination (1,10,3) if p(z) << q.(z) 
for all p(z) satisfying (1,10,3). If q.(z) is a dominant 
of (1,10,3) and l(z) << q.(z) for all dominants <l(z) of 
(1,10,3), then q is said to he the best dominant (1,10,3), 

If there are two best dominants 12* then 

q^(z) « q 2 (z) and qgCz) « then q;i_(z) = q 2 (e^®z). 

Hence, the best dominantcf(l,10,3) if there exists^will be 
unique upto the rotation, 

1,11, Till now we have described only those aspects of the 
theory of univalent and multivalent functions in the direction 
of which tried to pursue it further , In the present work, 
an attempt has been to have a detailed study of various 
subclasses of univalent functions by employing different 
techniques , 

In Chapter II the subclasses Sg’^(A,B) (-1 ^ B < A £ 1) 

of close«to~convex functions has been introduced. Certain 

integral transforms in this class have been considered. A 

necessary and sufficient condition in terms of convolutions 

for a function to be in S *^(A,B) has been obtained. It 

is further shown that is closed under convolution 

s 

with the class of convex functions. Coefficient estimates 

for S*>^(A,B) and S**^(a) (with fixed (n+l)th coefficient) 
s s 

for f to be in the class S ’ (a) have been obtained. 

s 
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Por any complex number P , maximum value of the functional 

p I 

[a^-iM-agl for functions in this class ha^-, been determined, 

Por different choices of parameters n,A and B, the results 
of this chapter yield along with some new results, the 
results of Goel and Mehrok [17] , Silverman, Silvia and 
lelage [ 9l] , Silverman and Silvia [90] etc. 

In Chapter III, the class M(x2_jX2) IIS'S been introduced. 
Using the technique of subordination, recently developed by 
S.S, Miller and P.I, Mocanu [ 55 ] , it has been shown that tbiT 
Ag ^ 0, functions in M(A^,Ag) are starlike and for 
^ Af+Ag ^ 1, functions in M(X^,Xg) are convex. An open 
problem that for Xg > 0 and X2+ 

M(X^,Xp) are starlike has been posed. Using the same 
technique, the subordination between certain class of, 
functions haSj been obtained, The results of this chapter 
yield along with some new results, the results obtained by 
Miller and Mocanu [55] , Mocanu and Reads [ 61] and others. 

In Chapter RT, the order of , star likeness of a certain 
integral operator on certain subclasses of univalent and 
multivalent starlike functions have been obtained by using 
the sharp subordination results recently established by 
Miller and Mocanu [57] as well as a lemma duo to D,R, Wilken 
and J, Peng [14] , She results of this chapter generalize 


Ag < 1, the functions in 
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tho rosults obtained by several authors such as Miller, 

Mocanu, Reade [ 59 ] , Mocanu Reado and Repeanu [ 62 ] , 
Rusche^-^yhand V, Singh [82] . 

Gh8.pter V doals with the study of the effect of dropping 
first R-1 coefficients of Taylor expansion of a function about 
the origin on various properties of certains classes of analyti 
functions . The results of chapter yield along with some 
other results, the results obtained by Goel and Mehrok [ 16 ] , 
Jakubowski and Kaminski [sl] , Juneja and Mogra [35] • 


YI, the last chapter is devoted to the study of a certains 
integral operator on various subclasses of functions of the 


form f(z)=:i+a. + E regular in 0 < I 

^ ° n=l 

Some results of Goel and Sohi [is] have been corrected and 
generalized . 


< 1 . 



CHAPTER II 


OEEITIIIT SUBCLASS OE OLOSE-TO-OOIVEX EOTCTIOHS 


2,1 Let ±'( 2 ) = z + Z a 2^ belong to H and 

n=2 ^ 

(2.1.1) fj^(z) = i s' 


n 


= z + a 

n -hi 


n+1 


“h a 


2n+l 


3_ltl 
" n 


where n is a positive integer and w = e is the nth 


# n 

root of unity. We now introduce the cUn-ss S^*'^ (A,B) ^ 
follows i 


Le f inition 2 .1.1. A function f(z) in H is said to belong 
to S*’^(A,B) (-1 B < A < 1) if 


( 2 . 1 . 2 ) 


zf • (z) y. 1+AZ - ^ r> -T 

T-m » for z e j , 


If f(z) is in Sg»^(A,B), then from (2.1.2) we see 
that the conditions 

(2.1.3) 11^44*!*^ ~ ‘^"*^'■1 < J for z e U if B -1 


and 


Re ^ j xor z G 1 if B = —1 


* n 

are also satisf ied , % Sg» (A,B) is the generalization of 
Sa,lcaguchi*s concept of function star like with respect to 
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symmetric points* ¥e further note tliat S_^’^(A,B) = S*(A,B) , 
It can be easily shown that the functions in Sg5'^(A,B) are 
close-to'-conve':. Recently the class = Sg^'’^(a) 

has been eirteiisively studied by Eva t tan Ohand [ llj , 
PritliTipal Singh [93] and I.R, Reddy [73] 

In this clmpter we first study the effect of a certain 
integral opervator on functions in (A,B). Section 2,3 

is devoted to study the effect of the inverse of above 

-n 

mentioned integral operator on functions in S^’ (A,B), In 
section 2,4 we obtain a necessary and sufficient condition 
in terms of convolutions for a function to be in S^* (A,B} , 

It has been shown that the class (A,B) is closed under 

convolution with the class of convex functions , In the 
las c section of this cha,pter a coefficient inequality and 
coefficient estimates for functions in S^’ (AjB)' have been 
obtained. We also determine the coefficient estimates for 
functions in S* with fixed (n+l)th coefficient. 
The results of this chapter yield along with some new results, 
the results of Goel and Mehrok [I7] , Silverman, Silvia and 
Telage [ 9lj , Silverman and Silvia [ 9I] j Rattan Ohand [H] 

T .R , Reddy [ 75] etc . 

2,2 In order to establish the results of this section, we 
first prove rhe following lemma, 

lemma 2 ,2.1, let A(z) be a regular function defined in the 
unit disc U with Re x(z) > 0 for z G 1. If p(z} is 
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regular in U and p(0) = i with 


(2,2.1) p(s) + [4(z) zp»(z)J « for z e U, B < A < 


then 
( 2 . 2 . 2 ) 
Proof, Let 


T®f » ^ e u. 


p(2) = •: 


l+k(S>iz 


We have to show th-it if (2.2.1) is satisfied, then |w( 3 )|< 1 
for z e U, Suppose it is not true. Thus there exists a 
3^ 6 IJ such that 1^(2^)! = 1 and 


(2.2.3 


lw(z)[ <1(0(3^)!, for \z\ <.l3|^|. 


Hence, hy Jack's Lemma fSO] , there exists a k ^ 1 such th 
(2.2.4) = ko)(z^) 

In view of (2.2.3) and (2,2.4) 




y (A— B )kCji) ) 

(2.2.5) p(Zq)+x(z^)z^P»(^-3^) = + HZq) 


l-hA.Co(zQ) 

^’o 

Let 0 ){z^) = e^'^, 1, Then (2.2.5) reduces to 


(2,2,6) p(3 ) +X(z )z p'(z ) = 

o o o o (1-iBe^^)^ ° 

v/hereas (2.2,1) gives 

(i.2-7) \p(z ) + x(z ) 3 p'(z ) - , for z;„e IT if B / ~1 

1~B 1-B 
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and 


(2>2'8) ^ ^ ’^5^ * z e U if B = -.1, 

Application of (2,2*6) in (2.2.7) and (2,2.8) yields 
it 


(1-2-9} 


B-te"-" e^\x(z^) . ^ tt ^ ^ i 

+ •™— ■*— for z G U if B j4 —1 
(lHBe^‘')(l~B'^) (1+Be^^)^ 1~B^ 


■and 

i“fc ii} 

(2- 2-10) Re > for 2 G U if B r: »-l. 


lalcing out whose modulus is 1. from the l.H.S , 

(1+Be^^) 

of (2,2,9), we get 

^ X(2^)k ^ 

Also, (2,2.10) provides. 

Re x(a^) } > . 

Both the above inequalities are impossible, consequently, 
|w(z)| < 1 for z G U and therefore, 

P(2) « ctI . 

ibis completes the proof of the lemma, Row we will prove 
our main theorem. 


The o rem 2. 2*1, let ^(s), analytic in the unit disc, belong 
to Sg’^(A,B) (~1 <_ B < A _< 1) , Consider the integral 
operator 
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!(;(£) = f f(w) ■w°'"^dw = p(s) Bay. 


If Re c > ~ then I^(f) maps S*»^(A,B) into S*>^(A,B) 

^y^pf . Brom the definition of B(z;), we have 


( 2 . 2 . 11 ) 
Also , 
(2.2.12) 
let 

(2.2.13) 


^(2:) (^’liT - + c) = (c+l)f(2;). 



+ °) = (0+1) fn(^) 


zB’ (z) , 

rr p ( Z ) * 




Differentiatlig loth the sides of (2.2,11) and using (2*2.1 
and (2,2.13), ws get after a simple computation 


P 

C j 


(2.2,14) ~ p(z) 4 *zp^(z) , 


C-f 




Also, (2.2.12) gives 


.<(-)/, 

(-O^^y) 


/ N 

(2.2.15) - 

-n^^^ zB^(z) 

"iTTzT ^ ° 


‘-i(o) 

r-ji-y • 


Use of Lemma 2.2.1 in (2,2,15) provides that if Re c > 
then 


zB’(z) . . 
n'' ' , IhAz 

^TTzl Tm » 


1«A 

ra ’ 


for z B U . 



27 


Hence, 


Re [' 




} > 0, for z G U. 


+ c 


Since f(3) 136101158 to S"’^(A,B), (2,2.14) provides 


(2.2,16) p(2) + zp''(z) ~ << , for z G U 

Again, using Lemma 2.2,1 in (2,2,16), we get 
/ \ , l4Az 

p(z) « xm • 


Hence, P(z) e S*»^(A,B). 


THis completes the proof of the theorem, 

[l?] ^( 2 ) s Sg'^(A,B) and 

P(z) = I / f(w)dw . 

^ 0 

# p 

Then B(z) also belongs to S ^ (A,B), 


[H] ^( 2 ) belong to S ^^(a) and 




(z) = f f(w)w^ ■‘'dw , 0 = 1 , 2, 3.,.. 

z^ 0 


,.c-l- 


Then B(z) G Sg»^(a), 


Corollary 2.2.3 [ 16 ] Let f(z) G S*(A,B) and 


P(z) = 


c+1 


2 ^ o 


/ f(w)w‘^~^dw, Re c > - . 


1-A 


CT 


Then ^(z) G S*(A,B) . 
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Remark 2,2,1. According to Lewandowski and J, Stankiewicz Til 1 
two normalized functions f{a) and g(z), "bo-ch regular in 1% 
a,re called mutually adjoint if 


„ r zf ’ (z) , . 

^rr^T-iiTiT’ ^ 


0 and Re { 


zg' (g) 


} > 0, z e IJ. 


One can easily see that if f(z) and g(z) are mutually 
adjoint, then ^(z) = belong to S* and both 

f ( 2 ) and g ( s ) are do ? e~ t o-'C onres . 


Rurther, let ^i5-2>*»*^n normalised functions 
regular in IJ. We say that {f^jfg,... f^} e 
(~1 < B < A < 1) if for z e U 


nzfl (z) 


1-iAi 


n 


2 f.(z) 
i=l 


) « fSt , 1 = 1,2.... n. 


n 


2 f.(s) 

4 "1 ^ 

One can easily check that <P(z) = — », belongs 

S (A,B) and each ,is close-to— con-rer , following 

lines of proof of Theorem 2,2.1, we can prove 


to 

the 


Theorem 2,2.2. let f.,,f„...f be normalized regular 
functions in IJ and {f^,fp,.,f^] e $^(A,B; (~1 B < A < 1) . 

1j- R 0 o ^ and 


JiO 


\ c -fl 

z 


z 


J 

o 


f j^(w)w 


c-1, 
dw 


-1,2, * . .n, 


{ R^} e $ 3 ^(a,b). 

f 


then 
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Gorji^laxy^ let fiz) and g( 2 ;) le mutually adjoint. 

If 


!'-(,':) =: / f (v/)vY‘^'"^d7/ and G-(z) 

z^ 0 

then ]?(z) 'Und G-(z) are also mutually adjoint, 

2,3 let f(z) he analytic ixi the unit disc IT. If 

^ 1 s ^ 

I’(s) = / f(w)w*^“ av/ , Re c > -1, 

s 0 

then one can easily check tha.t 


z 

j g(w)w'^~^dWj 
o 


Re c>0 


f(z) = + o) = R (z)«'li^(z) 

where 


(2.3,1) h (s) = - , 

•Jf Y' 

In the previous section we have sho?/n ths-t 1 ( 2 ) G S^’ '"(A,!), 
whenever f(z) G S*’^(A,B) and Re c > - 

R(z) G S*(i,B), whrt can he the maximum value of r, (0 < r < 1) 


such 

that for 1 

zl < r 





l^ABi 
- — 2-! 

. A-B 

1-B^ 

if B ^ -1 

and 






■D cSfM 

tie i 

"^n 


1~A 

B = -1 


is the pu-tpose of this section, lo some ex lent, it can he 
termed as converse to Iheorem 2,2,1. 
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For solving this problem we need the following lemmas: 
lemma^ £ «S . 1 [ 4 ] Let and g be analytic in TJ with 
^(O) - g(0) = 0 and <P’ (O) g' (0) / 0, Suppose for each 
a ( I a I = 1 ) and cf ( | a [ = 1 ) we have 

[ <p* xTir s] ° 0 < ui < r < 1. 

llien for each 1 analytic in U, the image of jzj < r under 
(<P*I'g)/(cp*g) is a subset of the convex hull of i’(U). 

jzj r < 1, then 

1 1^(2) 1 £ , 

“ 1-r 

We are now in a position to prove the following theorem. 
Ihe prem Let, i'( 2 ) belong to S*»^(A,3) and 


(2.3,2) 

f(z) = + c) , Re c 

If r is 

such that 

(2.3,3) 

0 N 2r l^Ar^^ 

JIG G / 

1-r l-3r 

then for 

Izj < r 

(2.3.4) 

|g|'i4_ l-^-l <-i-? , if 

and 


(2.3.5) 

Re if B = ^1. 
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££?,2£* Sinoe P(s) belon^rs to S*’^(A,B) 

§Jlj = H(z) « 1|| . 

fs haTS to find maximum r(0 < r < i) s^eh that for 


< r 


I { 2 


^22 (Z 


and 


1~AB| , A-B 

< --TT , It B ^ -1 


Re > k:^. 




, if B = -1 


S inoe 


nOT SJF)»F^Ca-) ° ^Tzr»iiy(iT > 

where h^(z) is defined In (8.3.1), hy lemma 8.3.1, It is 

sufficient to show that 


[ie(^)*riaf5l'„(2)] / 


0 for 0 <i 2 j<j:<l, 


lei 


Then 


ho ( 2 }* B ( 3 ) = G(z). 


(2,3*6) (l-fo)G(z) = p fz) fr- j_ (l+a)az 


tl^^alTCr-R.0273 ' 


Since B(z) helonsrs 


0 < jzj < 1 

(2.3.7) De ^4^ > iltef 


J W JQ 

So> (A,B), therefore 5'jj(z) / 


0 


I "I 
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Also^ Lemma 2,3,2 provides 


(2.3,8) 


0 z 


2r 




for I aj <_ r . 


Using tno inequalities (2,3,7) and (2,3,8) in (2,3,6) one oan 
easily claim that G-( 2 ) ^ 0 for jzj < r and consequentlj?', 
in view of lemma 2.3,1 the inequalities (2.3.4) and (2.3,5) 
are satisfied for |z| < r. 

Ibis completes the proof of the theorem. 


able to claim the sharpness of our 
result in case B ^ —1, ]?or B = «lj the function 

^(2) — S (j p 

gives the sharp result for to oi3. 


Oorollary 2.2,1. 


r- jrc 


f (z) 


Let F(z) he starliloe of order « and 



Re G > *-l. 


If r is such that 


then 


Re c > 


2r 

l-^r'=^ 



Re 


zf ' (z ; 


a » 


2,4 in this section we first obtain a necessary and 
sufficient condition for a function f(z) to belong to 
Sg’^(A,B). Also, we show that S*’^(A,B) is closed under 
convolution with the class of convex functions . 
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g'ne or em 2_A _»1, A function f{z) in H belongs to 
S^. if and only if it satisfies 


3+fj.X [U-lA) + (B+x)(g| )] 


[f(a)* 




] 0 


for z e U, ix[ = 1. 

Pr^jDf * A function f(z) in H belongs to S*’^(A,B) if 


3,nd only if 


af’fz) l4A2 „ -tt 

'rizT Ml' » 2 e U. 


Hence , 


(2.4,2) 


L(|j ^ ml » ^ s U 1x1=1 


[ (l+3x)2f » (z) - f (z)(1hAx)] / 0 for z 6 U and Ixj = 1, 


Since 


zf'(z) = f(a)* and f^(z) = i(z)* —■ 


(l«a)' 


. (1-z ) 


the left hand side (2,4,3) becomes 


( 2 . 4 . 3 ) i [ (l-fSx)f (z)* — ^ 


(l~z)' 


(z)* (l^AX) ] 

(1-2 ) 


which on simplification reduces to 


p ^ 

^ ^ (B-A)zX-te [(l4Ax) +(1+5 31) (-^1^ )] 

(l«z)(l--z^) 
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Henca, (2,4,3) is equivalent to 


IL-.Z’ 


[f (s)» 




n-1 


)] 


] f 0 


for 2 8 U and j3:j =1, 
wliicla is the desired condition, 

for 11 = 1 , A=l~2a and B = "1, we ottain the following convolution 
condition for a function f(z) to be in S*(a) which is due 
to Silverman, lelo.ge and Silvia [9l] . 


Oorollary 2.4,1, A function f(z) in H is starlike of order 
a if and only if 


(2.4,4) I [f(z)* 
0_oroj^.ry^_ _2 ,4 ,2 . 


^ . x+(2a^l) 

^ Q f’or z G U Stud 

(1-2)^ 

A function f(z) in H belong to 


l^l = 1, 

S*(A5B) 


if and only if 


(2.4,5) 


1 

z* 


[f (z)* 



] 


0 for 2 G U. 


?A sp,re g, If e K and f belongs to S*’“(A,B), 

then <P *f belongs to Sg^^(A,B) , 

Pro of . let 


Since f(z) 



h (z) 


(say) . 


belongs to S*»^^(A,B), f^(z) e S*(A,B) 


11 ( 2 ) << 


IhAz 


and 
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we have to show that 


z(<P*f) X/ l4Az 


S ince 


z(®*f)' cp*zf’ 


hy lemma (2,5 »1) it is sufficient to show zhat 


(2,4,6) (p*(^^)f^ ^0 for 0 < izj < 1, jal = 1 and iaj^l 

Since 6 S*(A,B) ^ (2,4,6) is true due to Ru. 5 che 

Hence, <p*f e S*»^(A,B) . 

Ihis completes the proof of the theorem. 


5, We now obtain some coefficient inequalities and sharp 
coefficient estimates for f(z) C S*’^(A,B), (-1 < B < A < 1) 

oo 

Also, v/e obtain coefficient estimates for f(z) = z+ 2, 

P-2 ^ 

* n 

belonging to S^’ (ex) ?/ith fixed such that 


^n+ll = 


ik-sl 


Iheprem 5 ^.1, let f(z) = z + B » then for n=l 

n=2 

(2.5.1) [bj^ubgl max {1, j2B-A + 2u(A~>B) j } 

(2.5.2) Ibg-ubgl maxCl, 1 b+ ^(A~B) ul ] , for n=2 

(2.5.3) Ib 5 «-ub 2 | < max U, |B+|(A-B)ul} , f or n > 3 , 
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Proj 3 f_* Since f(z) 

(2.5.4) 

S|.L^|j 

where m(z) 

is a i 


00 

1 

Bet w(z) = 



.*,n, 


Ic 

]£=1 

sides of (2,5,4), we get 


~ S 


A-B 


and o 

^2 = A'fB “ (A-2B)] , for n = 1. 

^ ^ ^ 2(A-B) 

For n=2, 

2b ^ 

^1 = 

P 2Bbp 

^2 f^3 IHF" 3 

and for n ^3, 

2b 

Pi = ns" 

^ 4Bb^ 

P2 = rfB ' 


Using lemma of Keogh and Merkeo [38], we have 

2 t 

(2*5.5) 1 i complex number v. 

Hence, for n=l, 

(2,5,6) jb^—ubgl = ] 


where v = 2u(A-B)-2(A-23) * 
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iFor n = 2 

[bg- ubgl = -gS ] 

where v = B + ^ u(A~3) . 

For n > 3 


(2.5.8) 




Pj ] 


where v = B + |- (A-B)u. 

Using (2.5.5) in (2,5.6), (2,5.7) and (2.5.8), we get (2.5,1), 
(2.5.2) and (2.5.3) respectivelj^ . For n=l,2, the results 
are aue to Goel and Mehrolc [l6]}[l7j respectively. 

In the following theorems we obtain the coefficient 
estimates for a function in Sg»^(A,B) . First, we obtain 
the coefficient estimates for f(z) e S*>^(A,B) where A 
and B are such that A-(n+l)B < n. 


Theorem 2 ,5 


Bet f(3) 


z + E a z-^ 


belong to Sj^s^(A,B) 


p=2 ^ 

(— 1 <.-d<A^l). If A«(n+l)B < n, then 


(2,5.9) 

and 


P 


< 


A-3 


, for p ^ nlc+l, k > 1 


(2.5.10) 


X A— B 

-®'nlc+l -- rOT” 


for k > 1. 


Tne bounds in (2,5.9) are sharp for the function 
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2 p P \ 

(2,5.11) f(D,z) = f . exp f )d 


o 1+Bp^ 


)dtdp 


Wnere 


(f>(z) = * .wL, . 

l+3zP 


Bor B=0, the function in (2,5,11) reduces to 
f(p,3) = 2 + 

The hounds in (2.5.10) are sharp for the functions 




A-B 


(2.5.12) f(n^_j_^,z) = J 


nic 

z(l4Bxz ) ■ , for B ^ 0, 


nk 
/Axz N 


for B=0, jx| = 1, 


Prpp^. Since f(z) belongs to S**^(A,3), 


~ ’ (w(z) is a schvi/arz function) 


1 ,e, 


(2.5,13) [zf’(z) ~ f^(z)] = co(z) [ Af^(z)~Bzf ’ (z)] 


n 


Beading the value of zf ’ (z) and ^ (2,5.13), 


v/e get 


^ (m~6 ) a z^-^= Q(z) [(A~B) + Z (A6 «mB)a^z“'-"^ ] 

m=2 mm m=2 “ ^ 


m~l 


where 
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1, if -m^nk+l for some k > 1, 

0, if there, does not exist anj?- k > 1 such tha~ 

‘n_ 

’ m = nk-fl 


Setting; 




S (z ) 
0 ^ ^ 


p-^1 

+ E (A3 ~nLB)s“''^ 


we have 


(2,5,14) s (s) + £ (ei„ 5 )g_ j 

m=o+l ^ 


^(2) rs (3) + E (A 6 ~mB) 


due to (2.5 .13) . 

Since lm(z)i < 1 for jaj < r < 1, 


i^io I 2„2m~2 . /. 


E (m-5^) < (A-B)-^ + z (A6 -mB) = la | 


Letting r - 1, we 




(2.5.15) f. < (A_3)^ +” 2 ^ (Ao^-mB)®-Cm-6„)® ] | a. 


If n-1 and A~2B £ 1, then one can easily see that 


ja I < -^5- » 
‘ p I A p_l ♦ 
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How, |inB| < m is obviously true for -1 <_ B < 1 , Burtber, 
if m=n]!:+l for some k ^ 1, then by the conditions given 
in the theorem, we have 


A-^(nk+l)Bj < nk for k> 1. 


Using these inequa.litias in (2.5,15), we get 
lp-6p|®|aj|® < (A~Bf 

(2,5.9) and (2,5.10) follow easily from the above inequality. 
This completes the proof of the theorem. 

How we will obtain the coefficient estimates for 

f(s) e S^’^(A,B), where A~B(n+l) > n. Bor that we need 

the following lemma 

lem ma _2 _«5^ .JL . If m is a natural number such that m >_ 2, 
then 


m-^1 


k^l 


m^l 


(mn) 


^^^{(A-B)^ +1^ [(A-(nk+l)B)''«(nk)'"] J]^ uj= JI 


k=l 


i '=‘0 3=6 


(2.5.16) 


wnere u. 


n ( 3 + 1 ) 


BT. \ 2 ' ’ 3-0} -i-j 2 . . 


. and n is lixed 


Proo f , We prove the lemma by induction on m. Bor m=pl, it is 
obviously true. Let us 'suppose that it is true for m=p— 1, p>3 , 
Ihen for m=p , the left hand side of (2.5.16) reduces to 



41 


■/ + 2 [ (A-(3ak+l)B)^-(nk)^ ] T] u-} 

t ^^■v^ \ 'I J I/- ' 


ipn; 


k=l 


=0 


+ [ (A~(n(p~l)+1)B)^« n^(p-.l)^] Y[ u.. 


P-2 


D=0 

[(n'"(p-l)'^ Xf u^+ { (A^(n(p-1) +l)B)^-n^(p-l)^} 3 ; 


[(n^(p-l)^ 

ipnr D=0 3 


3=0 


1 [(A«(n(p>.l)+1)B)^ « n^(p-l)^] u- 

(pn) 3=0 


= fi\. . 

3=0 3 

This completes the proof of the lemma * 

Theorem 2»5.3. Let f(z) e sX^(A,B) (~1 < B < A < 1) and 
K he the smallest positive integer such that A~B(?aK+l) < nK, 


Then 










X-' 

1 

(O K 
* C-J * 

17) 

I'-pi 

< 


0 J 

and 










k«l 

1/2 

(2.5. 

18) 1 

i^pl 

1 < 

( n ^ 

3=0 

P 

where 

k < K . 





If p 

> nE+2, 

then 



(2.5, 

19) 1 

lapi 

< 

nE 

K.r.1 

■ ( T[ 

3=0 

where 

u. is 

J 

as 

given in 

(2.5. 


for p=rLk;+l 
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proof * The theorem follows easily "by using lemma 2*5,1 in 
(2.5.15). 

In the following theorem we obtain the coefficient 

estimates for f(z) = z + I a, belonging to S„»^(l'-2a,-'l) 

k=2 ° 

where | a^^^i ^ a < . 

°° It 

Theorem 2,5,14. let f(z) = z + s. a-, z belong to 
‘ lc=2 

Sg*^(l-2a,-l) = Sg»^(a) and ^ » Then 

(2.5.20) [a^i <.2CVa). , for 2 < p < n, 


(2.5.21) 


and 

(2.5.22) 


k 

TT (nj-42-2a) 

1 ^ 1=0 

"■pi ^ ■(•p-ir(n^2<x-) 

for p = n(k+l) + 1, k > 1, 


k 

71 (n3+2-2a) 


I I 

j I / l“fct 3^0 


for nk+2 < p < n(k+l). 

Proof, Since f(z) G S^»^(l-2a *-l), there exists a schwarz 
function m(z) such that 


(2.5.23) 

i.e. 




l+(l~2c0m(z) 

14jW 


1+ Z Cj^z^ = p(z) (say) 
m=l 
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oo oo oo 

(2.5.24) (z + Z = (1+ £ (z + £ a 

k=2 ^ m=l k=l 

(2,5.23) provides that Re p(z) > a for z e R and, therefore, 
1 ~ 2(l~a) for n ^ 1, 

Equating the coefficients of hoth the sides of (2, 5', 23), 
we get 

(2.5.25) P a-p = £ Vmi+1 ^mn+l (3'!=^) 

for nlc+2 < p < n(k+l) and for p = n(k+l)+l 

k 

^ jj^^O ^P-™^+l ^ran+i 

i .e ,, 

(2.5.26) (p-l)a = £ °p-.Dm+l ®mn+l 

(2.5,20) follows easily from (2,5.25) and the fact that 
I — 2(l-a) . We will prove (2,5,21) and (2,5,22) by 
induction. One can easily see that it is true for n+8;^<2n+l. 
We will show that the Inequality (2,5,21) is true for 
p=nlc+2, whenever (2,5.21) and (2,5.22) are true for 
n+2<p^lm+l (2.5,25) provides 
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(ta+l)laj^^l < (z„za.) [l+|a^^j|+... 


Hence, 


m 


1^1 J\ (Dn+2^2a) 

= (2-.2a)[ (l4a )+ Z ] 


n+2~2a 


m=l n I im+^ 


k 


Pf (jn+2-<2a) 

— (2— 2a) [ (l+a) + ^ — (ii+2— 2a)}l 




.k: 


71 (;in+-2-~2a) 
(2~2a) [ ’ — --'— ] 


n+S~‘2a 


k 


71 (3n+2-2a) 

(2.5.2?) la^+gi < *(n+^'S)llar+TT 

(2,5*21) and (2,5,22) follow easily by using (2,5,2?) in 
(2,5,25) and (2,5,28), 

for n=l it reduces to the result of Silverman and Silvia [ 90 ] 


Goro llar? 2,^,1 [ 90j let f(z) = 2+2 a.z^ and 


a-o 1 = a 2 ( l—a ) 




k 

71 (l:-2a) 


r sr h *, a» * aa 

I (i-f 


j = 3,4,... 


Ihen 



CH^IER III 


SUBOKOmilON BEKVEM GERmiN CIASSES OE EUBGIIOBS 


3,1 In this chapter we first introduce the follovying 
subclass of H . 


Bp finition 5,1.1 . 


Let MCX^jXg) 


f (z ) in H such that 


denote the class of functions 


^0 and 

2 

Re { (l»-Xj|^-*X 2 ) ' "'f " Rf + Xg b' ^ ^ ^ * for z 6 Uj 

< X^ < «>, i = 1,2 . 

where zf‘ = g and zg’ = h, 

Mocanu [ 60 ] introduced the class of X~convex functions 
M(X), 0 < X £ 1, later, it was generalized for all 
(-*oo < X < o°) , It is well Imown that M(X) S* for -- 0 ° <A< 0 °, 
M(X) Can he considered as having the linean combination of 
starlikeness and convexity properties, A lot of v;ork has 
been done on the Mocanu class [54, 58, 59 ] . Since 

M(X^,0) - M(X^), M(X^,Xg) is a generalization of Mocanu class. 

Recently S.S. Miller and P.I, Mocanu [55] developed the 
technique of differential subordination. Using their technique, 
we are able to prove that for Xg <_ 0, M(X^,Xg)^ S*. Also, 
we show that for X^+ Xg > 1, MCX^jXg) is contained in the 
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class of convex functions. We obtain some containment 
relations for M(A.^,X 2 ) depending on and X 2 * Using 

their technique we obtain the subordination of a certain- 
class of functions having initial gap to functions having 
symmetrical gaps , 

let S^(a) (a < 1) denote the class of functions 
f(z) belonging to S*(a) (a < 1) and having the initial 
gap of width U, We obtain the order of starliloiess of the 
integral operator 

g(z) = f 

z'y 0 

where f(z) belongs to S^(a) . As a corollary we obtain 
the order of starliloiess of f belonging to M(X) having 
initial missing coefficients. Also, we show that the Libera 
integral operator maps the star like functions of order~l 
having the vanishing second coefficient into srarlike 
functions , The results of this chapter yield along with 
some new results, the results obtained by Miller and 
Mocanu [56] , Mocanu and Read [61] otc, 

3,2 In this section we first give some definitions and 
theorems due to Miller and Mocanu [56] , which are further 

needed in proving our results . 

Lcf ini tion 5 ,2,1, A function e Q, if it is regular and 
univalent on U (closure of U) except for those points 
S G 9U for which lim <l(z) = ■= 0 , 

2 
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ia at i o n 5.2 .2. Let Q Le a domain in G and q G Q. 

We define ^^(Q,q) to "be the class of functions v' •0'^ -► 0 
that satisfy the following: 

(a) y (r,s,t) is continuous in a domain D c: G*^. 

(^) (q(0),0,0) GD and ,0 ,0) GQ . 

(c) ^ ^ ® ® where 

i'‘o"= iCS), s^=mgq’(0 and 

Re [1+ > m Re [ 1+ 

1^ [ =1, q(| ) is finite and m ^ n ^ 1. i ^(Q,q) s f (Q,q) » 

Th e or e m. ^ ,Jl . let q(0) = a 'and let 6 ^ with corres- 
ponding domain D. let pCs) = a-fpj^z^+ , « » . 
he regular in U with p(0) ^ a and n 1, If 
(p(a), zp’(z), z^p’’(3)) G 1 when z GU and 

/^(p(z), zp’(z), z^p’'(z)) GQ when z G 1, 
then p(z) << q(z), 

Pefinition 5,f ,5. let h he a conformal mapping of U onto q 
and q G Q, Then ^'■^(hjq) denotes the cls-ss of functions 
ye ^^(QfQ.) = 'i;^(h(U) 5 q) which are holomorphic in their 
corresponding domains 1 and V'(q{0)j0) = h(0). 

Theore m 5 ,2 .2 « let G Ij^Chjq) with corresponding domain 1 
and with q(0) = 8L. let p(z) = "^n+l^ +• >• • "be 

regular in U with p(z) p a and n 1, 
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If 

(p(z), ap’(s), 2 ^p’*(z)) e D when z e U, 

then 

^(p( 2 ), ap*(z), z^p’'(z)) << h(z) implies p(z) « g(a). 

On checking the definitions of q.(z) and we see 

that the hypothesis of Theorem 3.2,1 and Olieorem 3»2,2 
require that q(z) should behave nicely on dU, If this 
is not the case or if the behaviour of q(z) on dll is 
not known, it is still possible to prove that p(z) « q(z) 
by limiting procedure as given in the Theorem 3,2,3 and 
Theorem 3,2,4, 

Theorem 3,2,5, let q(z) be univalent in U with q(0) = a 
and let IpC^) = q(pz) for 0 < P < 1, let G Ij^CQjlp) 

•y^ Tl t *1 

with domain D, for 0 < P < 1 and let p(z) ■- a-tp^z , 

be regular in U with p(z) a and n >_ 1. If 

(p(z), zp’(z), z^p’‘(z)) e D when z G TJ and 
y>(p(z), zp‘(z), z^p”(z)) GQ when z G U, thenp(z) « q(z). 

Theorem 5 _ ,_2 _^4_. let h(z) and q(z) be univalent in TJ 
with q(0) = a and hp(z) = h(Pz), q.p(z) = q(pz), for 
0 < P < 1, Let y/ G ^^(hp,qp) with domain D, for 0 < P< 1 

-v-c < "i 

and let p(z) = a-fp^z . bo regular in IJ with 

p(z) a and n >_ 1 . If 

(p(z), zpU2)» z^p‘»(z)) G L when z 6 U, 


then 
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(p(2),2;p’ (z), a^p*'(z)) « h(z) implies pC^) << 4(2). 

We are now in a position to prove the following theorems 

Ih eprem Let f helong to ^ 

then f e S* and f e K if + Ag > 1. 


Proof, Let Aq 0 and 

p( 2 ) = = r, 

zp’ (z) = s and z^p’'(z) = t. 
After a simple computation, we get 


(3.2.1) (l-Xj^-Ag) 4^ + Xl 4'- 4’- = 


where g = zf ’ and h = zg’ . 

Let y/ $0"^ 0 he given hy 

(3.2,2) >> (r,s,t) = r+A^(^) + * 

X r <; r -ts 

Since 0 for z G U, from the definition of 

z’' 

M(A^,Ag), we have 

?!' = r 0 

and 

= r^-H3 0, for z e L . 

Loi^ 0 .( 21 ) — 3,110. 

X***wU 

B=B^ U Bg where B^= I (r,s):r^H^=0 } and B2= {(r,s)!r=0} 
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‘ /c. 



Then V'(n,s,t) is continuous in D where D is a component 
of { (C X 0 V B) X G } such that (0,(0) ,0, 0) e D . 

Let Q = I w 6 0 : Re w > 0 } , 

Since (q(0),0,0) 1 > 0, (q(0),0,0) G Q . 

Bor jgj =1, i.e. g (0 < 9 < 


(5 .2 »o ) 

and 

(3 .2,4) 


q.(S) = = 1 oov- I = 

1 — e 


(say) 


l+r® 


I a ’ ( O = " 


where r^ is as given above 


Also 


Therefore, 




1+z 


Re 


=Re[i-^4-] =0. 


1-e 


19 


let r^ =q(§), =mfq’'(5) and 

(3 ,2.5) Re [1+ = m Re [1+ = 0. 

Then in view of (3.2,3), (3.2.4) and (3.2.5), we have 

t 

Re (^o’®o»'*'o'^ ^ ^2' ^ ^ 

In view of Definition 3,2.2, ¥■' Q 4 (Q>q)* 

Theorem 3.2.1 provides that p(z) << q(z) snd therefore 
f G S*. This proves the first part of the theorem. 
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Le'fc ~ ~ iiavs to show tha.t 


Re ~ !- > 0, for z G U. 

Let = P(z), Suppose there exists a G IF such that 

( 348 * 6 ) Re = 0 and Re P(z) 0, for jz| £ |z^| . 

One can easily check that 


(3.2.7) 


z f • (s ) 

Re y 0 

£{^0) - 


Also, 



= P(z) + arg P(z) . 

Since P(z) 0 for [z[ jz^j ani Re R(Zq) = 0 , arg P(z) 
attains a local maximuu or a local miniaiuin at z^. 

Hence, 

(3 ,2.8) arg P(Zj^) = 0 

Iheref ore, 

s 

Re {(l-X^-Xg^ +X^ ■^gTTJ” + ^2 < 0 

follows in view of (3,2,6), (3,2,7) end (3,2,8), which is 
contradiction. Hence, 
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Re P(3) > 0, for z e U 

and therefore f (z ; e K, 

This completes the proof of the theorem. 

following corollaric-s can ha e.-.sily deduced from Theorem 3.2.1, 
G or o - belong to and A.p < 0, 

Then for 0 < n < 1, 

i'l i j ^ 2 , ^ ( R j A gjC ) S , 

pp rollary 5 ,2.2. let f 6 M(X^,Xg) and X^+ Xg > 1, Then 
for 0 < 3 C <_ 1, 

M(X^, ^2^ - M(X^x + (1-x), Xgx) £ K, 

3 .3 In this section we prove the subordination of a certain 
class of functions having R initial missing coefficients 
to lT~f old symmetric functions , The use of follov7ing lemmas 
is made in proving our main theorem. 

Le mma 5 , . 3_.l . let p(z) = , and 

cl(z) = 1+b^z +b 2 z‘"+.., v/ith b^ 0, If p(z) « q(z)j 
then p(z) << q(z' ), 

Proof. Since p(z) << q(z), 

p(z) = q(m(z)). 

Also, b^ ^ 0 provides that w(s) = 1 c-.z , 

^ k=lT 
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Therefore, 

^ (z) ~ 2 ;''^(p(s) where l*P('3)i < 1 

Hence, 

P(z) « a(3 ). 

LeTnma^_ let P > 0, p+r > 0 and Pcc+r^^ 0 (a < 1) . 

Then th° differential equation 


(3.S.1) cl(z) + 5r.-HL = 


pqX*zT+r """tCiz 
has the univalent solution in U given hy 


„j 3 +r \~ 2 p(l-a) 

(340i, 2) g(z) = 


r 

P 


, More general form of this lemma is given in [ 57 ] 

_k 


Thjiorj em 5_.5 4_1, let f(z) = z+ 1 belong to 


k=H+l 


S*(a) (a < 1) . If P > 0, p+r> 0, pa+r> 0, 

r ^ n -1 1/3 

1 ( 2 ) = f fP(w)w"" aw) 


T 

2 ' 0 


anc 


K(z) = J 


Y 

Z 0 






i/P 

dt) , 


then 


IT 

. zE'{z) xy 2;K’(^ l+(l-2a)3 

(o,3*^3) nn^z) "X(sT' . , 
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Proof, -Let 


p(z) = and 0 ,( 3 ) = 


Then 


(3,3.4; 

and 

( 5 . 3 . 5 ) 


p(3) 

' pp(3;+'>' 


q (z) + 

^ pqCzT+r 


zf’fz) .. l+(l-~2a) 


AT 

l+(l-2a)a‘^ l*f(l-2a)s 

■ .■•.-•K-*- -motmt «c*» ^ ^ r~ tBV=.-«iJ6k*-_'»r' ■=#= -■«-. j<#*. »uKrj 

H I'l 1-3 

1—3 


(3.3.4) and (3.0,5) with the help of lemma 2.2,1 proTide 


p(2) « 


and 


q(z) << 

respectively . 

Since p(z) has initial gap and q(z) has symmetrical gaps, 
lemma 3,3.1 gives 

p(z) « 


/'nr" 

l-z 


and 


1 


q(z) « lt(ir|sJ2_ . 

1-3 

It only remains to show that p(s) « q(z) . 

Since 4(z) has symiaetrical gaps and q(0) = 1, it follows 
from (3.3,5) that there exists a function h(z) analytic 
in U such that 
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(5.5,6) li(2) + 

AQjso, 

P(2) + = g(z) (say). 

lemma 3*3,E provides th^it la(z) 1^ univalent in TJ. 

let Pp(z) = p(pz), lap(z) = li(pz) and gp(z) = g(Pz). 

Also, we can deduce from (5,3.6) and (3,3,4) 

Uzh* (z) 

pSpxni'?" Sp(^) 

and 

Izp’ (z) 

PPp-fe-H^ «p'^^ 

First, we will show that p(z) << h(z) . 
let 

V(r.s) =r + 

^ ^ |3r+r 

^1-'' 

'/''(i'js) is holoiiiorphic in (Ox {GV-^}), Since 
V(h„(0),0) = gc(0) = Theorem 3.2.4, it is sufficient 

to show that V"'(hp(0, mgh^(g)) 0 gp(G) for 0 <P< 1, m K 
and \t \ =1. 

mgh’(l) 

meh^(^)) = iip(§) + 

= lip ( 5 ) (gp(0“lip(s)) 0 gp(ll) 

follows in viev; of the fact that m > h. 
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Hence, 

Pp(z) « lip(z) . 
Letting p 1, we get 

p (z) « h (z) » 

Using Lemma 3,3,1, get 

p(z) « la(z^^) = q(z) . 


This completes the proof of the theorem, 
Oor ollnry^ 56 Let f Q S* and 

z 


If 


then 


F(z) = I / f (t)d- 
0 


K(.) . I / at , 


\iz\ « sEMX « 

^(zT ^ 1+z * 


Oorollary 3,3.2, Let f(z) = z + 2. belong to 

^ k=lT+l 

S*(a) (^1 < a < 1) . If 


and 


E(z) = § f f (t)dt 


K(z) = 5 - / —'--*- 2 ^^ » 


z?’ (z) / . zll> (z) > V 
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5.4 In this section we obtain the order of starlikness 
of f e S*(a) {a < 1) (i.e. f(z) e S*(a)' 

having IT initia.1 missing coefficients) 
v/hers 

Ic y(^) = f f ^(w)v/'^"%w) 

7 / 0 


S' or that we need the follov/ing lemma. 

lenima^ 2^.4^.^1 . let h(t) be a positive measure on [0,l] ana 

let Q(z,t) be a complex valued function defined on U :c [0,1] 

such that ^(zjt) is integrable on [0,1] for z 8 U. Suppose 

10 - 

that Re Q(z,t) >0 in U, Q(re ,t) (0 < e,< 2%) is real 
and 


If 


then 


Re 




> 


ie, 


Q(re ,t) 


1 

Q(z) = /• Q(z,t) dh(t), 
o 


Re 


^(77 


1 


ie, 


Q(re 


Ir^of . We will prove this lemma on the lines of proof of 
the lemma due to J» Reng and D.R-, Wilken [l4] 

Rirst, vve will show/ that if g(z) is aiialytic in U and 

oi.0 

g (re °)^0 < 0Q < 2%) is real, then the following statements 
are equivalent 



58 


(i) 

2. 0 

> 1 
~ ie_ 

for j z 

1 £. ^ 


g(re °) 





/ iSo, 

/ ^®On 


(ii) 

lg(z) " 

< 

2 ‘ - 


■“5 -0- 1^1 .< 

(ii) 

imp lies 

that 





10 ^ O 

i9 

2 


lg(z) " 


1 ^ 

<-==> 

ls(z)l^ 

i9 

- g(be °) 

Re g (z ) < 

0 

<==> 

Re 

> .,1 

S(re °) 

• 


Since 

Re Q(z, 

,t) >0 in 

U and, 

M,(t) is a positive measure, 


^ n 

E-e Q(z) > 0. Also, Q(re ,t) real. Hence, ly the above 
argument 

-1 r0 1 1 ^ 

lQ(z)~|Q(re °)l < 1/ Q(2,t)d4(t)^ ^ I Q(re ,t)dh(t)l 

1 M 19^ 

iQC^j’fc) ~ j"^)! *3h‘(t) 

o 

< J / a(re °,t) 14 (t) = J Q(re ). 

►*«» ^ 


Again using the above argument we have 


r> 1 V ■ 1 


This completes the proof of the lemma. 
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let £( 2 ) e S*{a) (a < 1) . If 
such that p > Oj p + y > 0, pa+T> 0 and 

(3*4»1) g(z) = (-^tl / f 

z 0 


p, r 6 E are 


then the order of starlikness of g(z) is given hy 

(3,4,2) 6jj(G,p,r) = Inf :Re^q.( 2 ) 
where 


l2l<l 


(3,4,3) <l(z) = S,?. 

0 


r 

F 


Moreover, 

if a G [a^,l) ?/here 

U 

( 3 , 4 , 4 ) 

f 6^ t 

cc ^ iHcLX { ^ Vs' ^ 1 

Uq IU.CUL ^ 2p ^ P ^ 

and g as 

given in (3,4,1), then 

(3.4,5) 

Re 2 ^ 1 . ( 4 I = i r i+L , ...«. 

' P 's(i, 


for 

and 


(3,4,6) 

i 

6j,(a,p,r) f J^-lE|4r7'' 

where G(a,h 5 Cjz) is the hypergeometri 


« y ] 

i+T" +1. ^ 
r ' 7;3^' 

or 1 2 1 < r < 1 , 


-r] 
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The extremal function is given by 


g^(2) = / 3£(w)w'’'~^dw) 


1/p 


0 


where k(z) = - 




?£££-.♦ Theorem 3,3.1 provides 


(3.4.7) "Re >l?6~ 


zP+’' 




(3.4.2) follo'ws from (3,4,7), 

Also, we can v/rite R.H.S. of (3,4,7) as 


where 


? a(2) 



r 

p 


(3,4.8) 



hext we shall use the following well Imown formulae of 
hyper geometric functions [ 95 ] 


(3.4,9) / t^^^(l-t)°~^' 


'^(l-*tz)"*^dt 


= G-(a,b;c,z), 


c > b > 0 
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and 


(3«4*10) G'(a,'b,o jz) = Gr(a,o-'b|0}'“^*-), -z G c 


let a G (a^,!) vvhene is given ly (3,4,4) and 

= 5 1 and c = +1 = b+1. Since 


0' ' '-o 

S8''”l*-q) B+r 

a = ‘ , n = -- a;Liu. = “jj 

by using (3,4,9) and (3,4,10), we get 


Ofz; - "4 G(a,bjcjz ) 

3 


1 

»- * ' • 
8+y 


G(a,G-bjcj- .^- ^^-) 
I'-Z 

U 


(3.4.11) = G(l,a,Of-V j^.) 


Since a > implies o > a, the use of (3,4,9) in 
provides 

1 IT 

Q(z) = / vr du(t), for zeu 

o l-.(l-t)z 

where 


to(t) = 


1 ® 

If we let Q(z,t) = ■ 5 ^' , then Re Q(z,t) > 0, 

7ri l-(l-t)z 

. W — ' » ■» 

Q(re'^ ,t) is real 


and 


UTzVO' - ® i ' = ni: 


for [z| <, r < 1 and 0 < t < 1 


(1»“) . 

o>b>0, 

(3 .4,11) 
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Lemiaa 3.4',1 provides 


Re 


1.1 

^ & 

Q(re“ ) 


which implies (3,4.5). (3,4,6) can he obtained by letting 

r - 1*^. 


Ihis completes the proof of the theorem. 

Gorollary 3. 4,1. , let f(zi) = . ♦ belong to M(^), 

-t 

A ^ Iben the order of star likeness of 1(2) is given by 




Tit ^ (;^ +i) 



As a special case we deduce that if f( 
belong to 1(^)5 then 


z) = 

f e s*(|). 


Gprol^y, 3^1.2. let p > 0, p+r> li. In this case given by 
(3.4.4) is equal to . If we talcs oc = i.e. o=a, 

we easily get 


q.(z) = 

P(W‘) 


and 


c / S'-'T—h 





v/hich shows that, if p integral operator Ip^y 

maps each starlike function of order with initial gap 

of width IT to a star like (univalent) function. 
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As a special case v/e deduce 

lEhe libera integral operator maps starlike functions of order --I 
with vanishing second coefficient to a starlike function. 

Example 3,4*1, let 

f(a) = .E-.: 

(l-z ) 

One can easily check that f (z) G S 2 (~l) . 

Hence, 

1(f) - ~ ‘ = g (a) (s^) 

and therefore, 

2 

Re ^ ^ a e U , 



CHAP TIE 17 


ORDER OR STARLIKEHESS OR CSRTAIM INTEGRAL OPERATORS 


4,1 In this chapter we first define certain subclasses of H, 

function f(z) in H is said to belong 
to Q(a,A,]B) (a >0), (-1 < B < A < 1) if ^ 0 and 


(4,1,1) { (l~a) + a(l+ '^£ 1 ^ j for z 6 U. 

The class Q(ajAjB) is called Mooanu—Janowiski class defined 
by Jakubowski and Kaminski [31] ,■ One ean easily shoTC. that 
Q(a,A,B) c S'*'(A,B) . 

let S(p) denote the class of functions f(z) analytic 
in U and of the form 


(4,1,2) f(z) = z^ + 1 

m=p+l ^ 

The subclasses S*(A,B)j Kp(A,B) and Qp(a,A,B) of S(p) 
are defined as follows; 

Defi niti on 4,1,2 . A function f(z) in S(p) is said to 
belong to Sp(A,B) (-1 < B < A < 1) if 

1 Zf ’ (z) /X l4A2 

p * fA’zr 


J 


for z G D« 
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S^(l"2aj-l) = S*(a) is \7 ell known subclass oi S(p) of 
p— valent star like f mictions of order a. 

D efinition A function t (z) in S(p) is said to 

Delong to Kp(A,B) (-^1 < B < A < 1) if 


(4.1,4) i (1+ ? 

One can easily see that f.{z) 
if and only if zf’(z) "belongs to 
is well Imovm su"bclass of S(p) of 
of order a. 


for z e U . 

"b e longs to K (A , B ) 

ir 

S*(A,B). Kp(l«2a,'-1)= I^(cO 

p-valent convex functions 


Def i nijion 4^ ._! .4^ , A function f(z) in S(p) is said to 
Delong to Qp(a,A,B) (a ^ O), (-1 < B < A ;< 1; ii 
f(z).f’(z) ^ ^ in 0 < Iz) < 1 and 


1 

P 


{ (1-a) 



+ a(l+ 


2if ^ ’ 


« 


l+lz 


for z G U . 


The class (^(ajAjB) is analog of the class Q(a,A,B) 
defined Dy JakuDowski and Kaminski [3l] . One can easily 

show that Qp(a,A,B) c S*(A,B) and for a > p, 

Qp (ttjAyB) 'n Kp ( A , B ) . 

The suDolass S*(A,B) (-1 < B < A < 1) of S* has Deen 
defined in Chapter I, We continue to call a function to De 
in S^(A,B) if A,B G E, 1B| < 1, A ^ B and 

^*(z^ « j z G U, 

Although it may not De s tar like , 
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to 


Similarly we continue to call a function f(z) belonging 
S(p) to be in S*(A,B) if 


1 

P 



« 


1-fAz 


wliere A and B e R, jBj < 1, A / B. 

Let p, r G R, p > 0 and p+ y > 0, consider tbe 
integral operator (f) = g, f G S defined by 


(4.1.6) 


g(z) = j f P(w)vf ”^dv/) 

0 


z e U. 


If A and B a,re such that A / B, jBj < 1 and 
I pA + rSj < p + T , then from a more general result on Briot- 
Bouq_uet differential subord.ination [57] it is easy to 
deduce that the integral operator maps S*(A,B) 

into S*(A,B) . We define the order of starlikeness of the 
class Iq (S*(AjB)) by the largest number 6=6(p,y|AjB) 

PjT 

such that 

(4.1.7) Ip^^(S*(A,B)) c: s'^(6) . 

P.T. Mocanu, D. Ripeanu and I. Serb in [63] found 
the order of starlikeness of ^(S*(a)) (a < 1) , We 
extend the results of Mocanu., Ripeanu and Serb [63] to 
Ip (S*(A,B)) whore A,B G R, A ^ B, |b| < 1 and 
1 pA+rBj < p+i . As corollaries, we obtain the order of 
starlikeness of Q(a,A,B) and L(S*(A,B)) where L is the 
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LilDera transform. Our general result includes some particular 
ones obtained by several authors [59, 61, 62, 63 ] 


let US define 

by 

(4.1,8) h(z) 


the operator ^ (:i 
(3,r 




e s(p) 


K,S . Padmanabaan and G, nakshma Reddy have shown that if 
z . 

g(z) = f t'^”-^f (t)dt, c=l,2,3,.,, then g(s) belongs 

o 

to S*(A,B) whenever f(3) belongs to Sp(A,B) where 
(^1 < B < A < 1) . vVith the help of Briot-Bouquet differen- 
tial subordination [57] , one can easily show that if 


p > 0, r > 0, -1 ^ B < A < 1, then h(z) belongs to 

S*(A,B) whenever f(z) belongs to S*(A,B). This extends 
P 

the results of K.S. Padmanabhan and G. lakshma Reddy f 69], We 


find the order of p-valent starlikeness of 1^^^ (S*(A,B) ) 
As a corollary, we show that if f(z) belongs to S*(0) 

and g(z) = f f(w)w^ ^dw), then g(z) belongs to 

z-P 0 

S*(i-). further wo show that if f(z) G S(p) and 

(p-l)[ < xp, then f(z) helongs to S^Ca^) 


where = (p / t^ ^ dt) , 

° 0 


4,2 We will use the following lemmas to prove our main 
theorem . 

lemma 4.2.1. let p > 0, p+r> 0. If A end B are such that 
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A,B GE., A^B, |pj <^1 and [|3A +rB[ <p + ')'y then the 
differential equation 

(4.2.1) q(z) + 

' pq(z;+r l+Bz 

has the univalent solution in B given hy 

(4.2.2) a(z) = _ 1 


where 


(4,2,8)Q(z)=y 


^ dt, if B ^ 


0 


f g|3A(t~l)z .^.p+r-l if B = 0. 


: 0 


2 

If p(z) = + P22 +• •'• is regular in U and satisfies 

the differential subordination 


(4.2.4) p(^) + . for Z e u , 

then p(z) << q(z) and- q(z) will he the best dominant of 

(4.2.4) . More general form of this lemma can be found in[57] 

I^mma^ 4^, 2 .2 . Let ,u (t) be a positive measure on [0,1] and 
let Q(z,t) be a complete -valued function defined on B x [0,1] 
such that Q(z,t) is integrable on [0,1] and Re Q(zjt) > & 
for z e U. 

Suppose 

1 

Q(z) = / Q(z,t)d4(t), 

o 
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If Q('-r,t) is real and 

■n 1 1 

QT^r;T)" hi < r < 1 sjid t e [o,i] 

then 

"1 *1 

(4.8.5) Re for jsj <r. 

If Q(r,t) is real and 

OT^Ttr - ^r,V/ "0^ hi 1 X < 1 and t e [ 0 ,l] , 

then 

(4.2.6) ^ ctW hi 

?£5Pl.- first part of the lenima is due to J feng and D.R. 
WOTrfin [14]', Second part follows from Lemma 3,4,1. 

How we wiilL prove our main theorem. 

The orem 4,2 ,1. Let p > 0, ^+t >0, Consider the integral 
operator 

(4.2.7) g(z) = Ip (f) = (-^^ / f ^(w)w'^”^dw) 

If A,B G B-j A ^ B, |Bj 1 and j j3A+rB{ < p + r j then the 

order of starlikeness of Ip ^(S*(AjB)) is given hy 

P j7 

(4.2.8) 6(a, pjAjB) = Inf Re (l(z) 

hl<i 

is given hy (4.2.2). 


v/here q.(s) 
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Moreover, if 3=0, then 


Ee Cfl > 

iz[<r<l 


and 


p f e^l^l (l''t)r 


dt 


P 


o 


(4.2.9) 6((3,r|A,0) > ^ ( / - 


If B < 0 and Br+B+|3A. < C, then 


Re 

j z| <r<l 


2 


.( 2 ) 




1 

? 





p+y+lj^-^) 


and 


(4.2.10) 6((3,rjA,B) = q(«l).. ^ 

P G(1 


^r] 

j P+y+lj^^--^) 


If B > 0 and Br+B+pA > 0, then 
Re 


.i<r<i "t(h ->- = F 


ar— ^«— I - , 4 * - 4 - 


ana 


(4.8.11) 6(p,7iA,B) = (l(l) = |[ -7— BflnT S-r 

P G- P+r+lj g^) 

T/here G(a,'bjc|x) is the hypergeometric function. IThe 
extremal function is given hy 

g{z) = l^^^Ck(z)) 

where 



VI 


^ z 


k(z) = ^ (1+Bz) ^ 
Az 


'WT » B ^ 0 




ze 


, for B = 0. 


Proof. Let 


p(z) = ££'{41 

g(z) 


^rora (4,2,7), we oLta 


in 


p(z) +f 24 lzl.. . 

^ pp(a)+r £1;D 

Since f(z) G S*(A,B), p(z) satisfies the differential 
suhordination (4 ,2.4) and hence, p(a) « 0 .( 2 ), 1 ( 2 ) given 
hy (4,2,2) which implies (4,2.8). 
let B=0. Then 


" p /'o’p^Tt-iL tP-H-i 4“ p 

0 

Using Lemma 4.2,2, we get (4,2.9). Per proving (4,2.10) and 

(4.2.11), we shall need the following well loiovm formulae of 
hypergeometr ic functions [95] . If c > h > 0, then 


1 

(4.2.12) / t^-^ (l«t)°"^''^(l-«te)'^dt 

0 

and 

(4.2.13) G(a,b 5 Cjx) = (l-x)”®" G(a,c-h|C| ) 

for all X e 0 (1,°=^) . 





V2 


If we set a = , "b = P+r , o = p+r+l, then o > h > O 

\ 

and Q(z) given hy (4.2,3) is 


Q(z;) = G(a,'b|c?«Bz) 


(4 


O 


14) 


1 

p+r 


G ( a , c-h j c I 



If B < 0 and Br+B+pA < 0, then c > 0, 
(4.2,12) in (4.2.14) we get 


Again using 


where 


Let 


Q(z) =/ ^i^5g^^dp(t) 

dh(t) = 'f'(*c^v|c^^y ^(l—t)'^'"^ ^dt , 


r\(r, 1+Bz 

Q(3,t) = 


Then Re 
Q ("n y t ^ 

Re 


Q(3,t) > 0 for \z\ < 1 
is real. Since p < 0, 


yci’y'rj 


Re 


and t 6 [0,1] and 
therefore. 



v/hich provides (4,2,20). 

fe can prove (4.2.11) on snuilar lines using part of the 
Lemma 4.2.2, 

This completes the proof of the theorem. 
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[63] Let p > 0, |3 +y> 0 and consider tlie 
integral operator defined Ly (4.1.6), If a e [ - ~ ,1) 

tnen tlie order of star likeness of tlie class Ip (S*(a)) 

p,r 

is .g iven "by 

6(ajp,r) = Inf Re q(z) 
i zj <1 


where q(z) = ((3 / ti^'^^^dt) - ^ . 

Moreo-ver if a e [a^,!), where 

“o = 

and g = I (f) for f 6 S*(a), then 

PjT 


•g[2j 

for Izl < r < 1 and 


Re > a (— r ) = ^ [ -• ~ 

^ e(l,Sp(l-a),p+r+l; 


6(a5PjY) — p('-*l) ~ [ 


. . „r] 

CT(l,2|3(l~a); p+r+ljl/E 


where G is the hypergeometric function, Ihe extremal 
function is given hy g = where 


Corollary 4.2,2 Let f (a) G S*(A,B) (-1 < B < A < 1) and 

9 Z 

L(f) = § f f(w)dw , 
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Then the order of star likeness of 1(f) is given hy 

6 (1,1, A, B) = Inf Re q.(z) 

lzl<l 

where 

'( f -t dt)"^^l, if B 0 

'0 

a(z) = t 

_ ( / dt)”^«l, if B = 0. 


If B > 0, then the order of star likeness of 1(f) is given hy 


6(1,1,A,B) = { 


G(l, 




B ■ 

B+l'- 


} -1 


If B < 0 and 2B4A, then the order of starlikeness of 1(f) 
is given hy 


6 (1,1, A, B) = { ‘ y - • BkX'::' * 

If B = 0, then the order of starlikeness of f(z) is given hy 


.2 

6(1, 1, A, O) = (--...--.....-I) 
e "(A+1) 

Goroll ary 4.2.5. let f(z) belong to Q(a,A,B) (~1 < B < A < 1), 
(a > O). The order of starlikeness of f(z) is given hy 

6(“,0jA,B) = Inf Re q(z) 

^ 1 2 1 <1 


where 



75 


q.(z) 


n i A«-*B 

^(y( r /'l+BtasSa ‘ j.l/a-1 

jocu t dt) , if B / 


^ o 
< 


0 


1 A(S^)z , _1 

tVo~l 


^ a(/ e ' “ 

0 


dt) 


, if B = 0. 


If B > 0, then the order of starlikeness of f (z) is given hy 


6(i,0|A,B) = 


& 


1 
B-A 


(1> 1/a+l; 


•^1 

If B < 0 and B4a A < 0, then the order of starlikeness 
of f(z) is given hjr 

S(~>0;A,B) z = - ^ 

’ Va+l| 5^) 

If B=0, then the order of starlikeness of f(z) is given hy 


1 1 A(ii) 

6fe0jA,B) = a(/ e “ t 
“ 0 


Va-^dt)' 


-1 


All the above corollaries follow from Theorem 4*2,1, 


Remark . Putting a=l in corollary 4,2,3 we obtain the 
order of starlikeness of f(s) G K(A,B) , Also, we can deduce 
from Corollary 4,2,3 the following* 

If f(z) e S and < A j (0 <A< 1), then the order 

of starlikeness of f(z) is given by 

6 (A ) = - 

Corollary 4,2,4, let p > 0 and A,B eR, Aji^B, 0< |b| <1. 
If 
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~ / f P(w)w'’'~^dw) 

o 

P+r> iBj and pA +rB+B = 0, then ^(f) maps S*(A,B) 
into S*(-, SI ,B) . 

E££PI.* Since pA+TB+B=0, ^ Also p+T > [Bj 

with pA+rB4B = 0 implies p+ri | pA+rBj . Theorem 4,2.1 
gives 


Q(z) - 1(1, j p+rtlj 

= ll^) 

^Bz 

p+r“ 


Therefore, 


q(z) 


1 6+r Y _ B-rBz 
f i4Bz ~ p ~ pxraw/ * 


This completes the proof of the theorem. 


Bemarlc 4.2. 1. If p=l, Y =1 , A=2 and B= ^1, then the 
conditions of the above corollary are satisfied and therefore, 
we can deduce that Libera integral operator maps star like 
functions of order - g- into starlike functions which is due 
to Mocanu, Ripeanu and Serb [63] 

Part icul ar Oases 1, If we take y =0, p = l/a<_l, A = 1 
and B = ~1, then 


6(l/a,0;l,«l) = 


1 (!,“?“■ 
' ’a a 
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Using the well known formula of hypergeometric functions 

^1/2 -jH 


G(a,h; 5 i) = 1 , 


we get 


1 '^ (1 1 ) 
m^/^T(l/a+l) 

which is order of starlikeness of a~conTex functions for all. 
This was obtained in [59] 


2, If we take 7=0, p=2, A > 0, B=0. 
• of starlikeness of Q(^,A,o) 


2A" 


^(SjOjAyO) = 

e -(1+2A) 


We obtain the order 


3. If we take p=l, =0, A=l-2a and B= ~1 


6(1,0; l-2a,-<l) 


1 

G(l,2(l~a);2,fe 


By expanding 


G(l,2(l-a);2, |) 


in power series vye obtain the 


following 

2_g2'(l-aj 

6(l,0;l-2a,~l) = ^ 

, .--A __ 

2 log 2 


a ^ 


1 


1 


a = ^ . 


Thus we get the order of starlikeness of convex functions of 
order a. Which is due to Zmorovich and Korobkova [99] 
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4. The order of starlikeness of L(S*(^) ) where L is 
the Libera integral operator defined by 

l[f(z)] = I / f(w)dw 
0 

is given by 

2(l-.ln 2) 

This was obtained in C6l] 

4.3 In this section we will discuss about the order of 
p-valent starlikeness of v/here ^(f) is 

defined by (4,1,8), 

T heorem 4 ,5.1. Let p > 0, pp +T > 0,‘ Consider the integral 
operator 

Ip (f) = / fP(w)w'^’"^ dw) , 

z'^ o 

If A,B e B, A B, 1 b 1 <_ 1 and [ ppA+rB| < |3p+r 
then the order of p-'Valent starlikeness of 
is given by 

6(pp,r;A,B) = Ihf Re q(z) 

lzl<l 


where 
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f 


’ .-y. « . . - 


i3P 


dt 


q(z)= ^ 


1 


' pp / ^pp+r-,1 

L 0 


r 

pp 


If B = 0, then 


6(pp,r;A,B) = ^ >. . . , . , . ... . 

pp / ePPpI (l-t) ^pp+r_l 


If B < 0 and BY+B+pAp < 0, then 


, if B 0 


, if B = 0 


r 


6(pP,r ;A,B) 


L. 

Pp 


. ....J3p + r 

pp; pp+r+lj^^) 


r 


If B > 0 and Br +B+pAp > 0, then 
6(pp,r;A,B) 

where G(a,h 5 Cjz) 

Proof . Let 


= 1 pP+t . . „ 

PPJ PP+'>'+15b5i^ 
is hyper geometric function. 


1_ 

PP 


1 = p(a) . 


Then (4,3.1) provides 


P(2) 


PPP(2) 



zf ’ (z) 

¥{zy~ 


« 


l4Az 
'l^Z • 


The theorem follows directly from Theorem 4.2.1. 
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Th6 following corollaries can le easily deduced from the 
above theorem , 

I'S't P ^ Oj pp+')C>0. Consider the integral 

operator defined by (4,3.1) . if a e [ - ,1), then 

the order of p— valent starlikeness of I? (S*(a)) is given 

PjT P 
by 

6(ajl3p,r) = inf Re ^(a) 

12[<1 

wher e 


1(2) 


/(iZt ^^pp+i'-i at 


Moreover if a G [a^,!), where 


a. 


= "S'! • 


then 


6(a; j3p,Y) = [ . PPt- - - y - « ■ ■ • v -y] 

PP G(l,Sl3p(l-a)5 pptY+lj^j 

G(a,b|cjz) is the hyper geometric function. Ihe extremal 
function is given by g ~ I^^(k), where 

= ^sp(i-vr • 

Corollary 4.3,2. Let f(z) belong to S*(0), ^=1, r=p-l, then 

I un m. rmtv Ik n ~ % r 4'^wik I j;;' 

h(z) = f f(w)wP*"^ dw 

0 
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* 1 

belongs to Sp(^)* I'or p=l, it reduces to the well known 
result that every univalent convex function is star like of 

n 1 

order 

9orp^Un_^ let £{z) belong to S(p) and 

p ^ 0 < \ < 1 

1 

then f(z) is starlike of order (p / t^"*^ e^^^^^^dt)"*^. 

^ ? p-l A P'fc 

Ihe result is sharp for the function fQ{ 2 ) =j i € du^ 

Let f( 2 ) belongs to S(p). If 
f(z),f'(z) 0 in 0< jzj < 1 and 


i {(1-a) ' + a (1+ ^ ^ ^ ^P* 

Then the order of p-valent star likeness is given by 




, _ 

^l/2p 



CHAPTER Y 


CERTAIi'I SUBCLASSES OE TMIYAIiENT EUHCTIOHS V/IIH 
BTITIAL missing COEPPICIEITTS 


5.1 In this chapter we study certain suhclasses of univalent 
functions v/ith initial missing coefficients. 


i .pn 5 * , 1.1 . Let H he a fixed positive Integer and 

00 ^ 

denote the class of functions f(z) = z + E a, z-^ 

M+1 


regular in U, 


B 


■H 


We define the following suhcHasses of Hjj, 

Lefinition 5,1,2, A function f(z) in % is said to belong 
to S^(A,B)(-1 ^ B < A < 1) if it satisfies the following 

(5.1,1) ^^'(z)'^"’ l'-!®z * 2 6 U, 

Definition 5.1,3, A function f(z) in is said to belong 

Q^(a,A,B) (a > 0), (-1 < B < A < 1) if (jl /. o and 


(5,1.2) {(l~a) + oc(l+ ^ 'l+Bz ^ 2 8 U. 

Definition 5.1,4. A function f(s) in Hjj is said to belong 


to Rg(A,B) if 

(5.1.3) f ^ (2) « 

l-^Bz 

where (~1 < B < A <. 1) and (|a( < ^)« 


la. 
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One can easily see that S^fA S') anfl ( a ^ • 

ana being the 

subolasGes of S (A,B) and Q(a,A,B) respectively, consist 

or univalent functions only. If f(,,) belongs to e“(A,B), 

then Rc e^°^£('y,) > o fnr ^ c* tt -k vt , 

^ 2 G U, by famous Noshiro-^'/arachawslci 

theorem E^^(A,B) also consists of univalont functions. 


Coeiiicient estimates, distortion properties and a 
coefficient inequality, have been established for f(z) in the 
class Sj, (A,B) and E^(A,B). The sharp estimates for arc 
length and area of f(z) e R“(A,B) have been obtained. 

A condition depending upon X jA,B and a have been deduced 
such that (l~x) z+A(f ( 2 )# zh' (z)) belongs to r“(A,B) 
whenever f(z) and, h(z) ' belong to E^(1,B) . Ihe integral 
rcproGoii fcation, distortion properties and some coefficient 
estimates have been established for f( 2 ) belonging to 
Qjj(a,A,B) . It has been observed that the extremal functions 
for coefficient and distortion for the above classes are 
M'-fold symmetric functions . The results of this chapter 
yield along with some other results, results obtained by^ 

Gool and Mchrok [16] , Jalcubowiski Z.J. and Kaminski J, [ 3 I] , 
Junoja and Mogra [35 ] , God and Sohi [19] 


^mar k 5,1,1 . lemma 3j-ipnovidos that tho subordinations in 
(5,1,1), (5,1,2) and (5,1.3) are IT-subordinationSy Wc will 
make use of this fact in obtaining our results , 


5.2 In this section we first obtain some coefficient inequali- 
ties for f ( 3 ) in S^(A,B) . We will use the following lemma, 
of Ohaotor II to prove our main thooromv 
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is a natural number such that m > 2, then 


(5.2,1) — a. T(h /iM-i_ .-1 \-nN2 o k-j. , m~l 


(ml) 


■g’ {(A-B)' + z [(A-(N]£+l)B)^«(inc)^] fi’ u.}= fi u. 


k=l 


3=0 3- j-Jo 3 


where 


u. - , ^=0,1,2... h is a fi:ced positive 

integer , 


£iL9_9i^®P, iLtFjsi • iCz) = 3 + X belong to St^(A,B) . 

n=K+l “ ^ 

If A— (H+1)B 5. then 
(5.2.2) 


h +t~l P 9 9 

X (n-l) [a p < (A,,B)'^ , t > B+1, 
n=t li ~ — 


If IC is the smallest positive integer such that 
A-.B(iilK+l) < IIK, then 


(k+l)N 9 p P k-1 

(5,2.5) ^ (n«l)'^la 1 < (kfl)'^ fT j ior k < K. 


11=10.1+1 


3=0 


If k > K, then 


¥ 


(k+l)B p ,9 9 

(5.2.4) Z (n-l)^la.^r < (I®)" 

ii=Msl'+l ” 3=0 

Pnopf * Since 1(3) belongs to S2|(A,B), 


u. 


('c; c r::^ 3f'(s) 1+Aw(3j 

(5 .2 . 0 ) 

Remark 5.1,1 provides that m(z) is a IT-schwarz function i 
1 (5.2.5) provides 

00 

00 Il\ V 

(z + X na 3^) (1+Ba)(3 ) ) = ( 3 + 2- )(l^Aw(z^)j 

- - n n=l\r+l ■ 


n=]I+l 
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(ii-l)a = w(z)((A»B)z + Z (A-Bn) a . 

n-K+l n=N+l ^ 

Since u(z) iac a zero of order K at z= 0 , 

,k 




11 +t~l „ °° t~l 


£ (n~l)a zV A KvZ = 03(2) ((A~B)z+ A (A--Bn)a z^) , t>li+l. 
n^il+l M+t ^ n=B+l ^ 

Since |a)(z)j < 1 for z G U, we have "by Parsewal’s identity, 


Ii+t -1 n O Ov> “ 

n=i-l+l k=N+l 


^r^^ < (A-.Bfr^+ (A~Bn)^la 
n=l+l 


i.e. 


^(n-.l)^|a l^r^^ < (A-B)^r^+ (A-Bn)^|a^l t>H+-' 


n=N+l 


n=II+l 


Letting r -* 1 we get 


IT 1 0.9 9 \ P I 1 2 

A (n^l)^la„l^ < (A-B)^ + A (A-Bn)'^ j a^P, t > L+ 1 , 
n=dT+l n=N+l 


Therefore, 


h +t"*' 1 9 I o . ? ^ / \2 / -i\2 1 

(5.2.G) 2 (n-l)^la^r < (A-B)^+ 2 { (A-Bn) -(n«l) } ja. 

n=t n=h+l 


n 


If A-B(L+ 1 ) < N, then (A- Bn) < n~l for n > h +1 and 
consequently 

(5,2.7) |A«Bnl < n -1 ^ n > 
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In Tievv of (5,2.6) and (5.2.7), we have 

13 +fc--'l 2 P 9 

Z (n~l) |a 1 < (A-B)'^ for t > lT+1 

Thic, proves (5,2,2), 

Also, (5.2.6) provides 


(k+l)il 


2, i2 . ^^2 . , ,, ^ x2 , .v2., i2 


(5.2.8) 'Z ' (n-l)^la^l'' < (A-^B) + Z { (A^Bn) - (n~l)^ } i a^| 


ii=l(dl +1 


n=N+l 


If k < K, then 


n=kl]+l ^ p=l (pdT)^ 

(p+l)H 2, ,2s 

( S (n-l)^|a^l )} 
n=p]:I +1 

follows in view of the fact that B < 0 and is 

monotonically decreasing function oi x. 

Using lemma A, we get 

(k+l)N o, ,? , s2 

:£ (n-i)'ia r < (^) n ^3 

n=kW+l 3=0 


a 


where u. as aiveii in lemma A, 
3 

If k > K, then 


(n-l)*|a„l® < («)" '^3 


IWI 


n=MI +1 


0 


follows in view of the lemma A and (5.2.8) 
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Boundr. iri (5,2,2) are sharp for the function 




' s ( 1 +B6 3 
i 

{ ARrAp+m 

i z exp 


5 for B ^ 0 
, for B=o, l6 


= 1 


Bounds ill (5,2,3) are sharp for the function 

A-*B 

f(z) = z(l+B6z^)^ , [61 = 1. 


G or 0 llni y 5 ,2,1 , Let f(z) "belong to S^ia) * Then 


(k+l)N P 

E (n-1) la 
n=kN+l 


n 


< (M0‘ 


0=0 3 


where 


^ rTo+i)^ • 


The estimates are sharp for the function 


fo(") 


‘"“Tcrraj 

(1-3 ) 


Remar k, We can easily get the coefficient estimates for 
1(3) e S*(A,B) from (5,2.2), (5.2,5) and (5.2,4). Also, 
we see that the hounds in (5,2.2) and (5,2.3) are sharp for 
N-i'olrl symmetric functions and in that case (5,2.2) and 
(5,2,3) give coefficient estimates directly. 


5,3 In this section we study the class Qjj(a,A,B) , We 

obtain a containment relation, integral representation and 
distortion properties for f(z) belonging to Qjj(a,A,B) , 
Also, we establish some coefficient estimates and a 
coefficient inequality for f(z) in Qjj(a»-A,B), 
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' JncoruBi 5.3 . 1 , 
Proo_r_ . Let 


Qjf(oCjAjB) £. Q,|^-( P jAjB) j 


for 0 < |3 < a. 


J 


(7,,f (b)) 



+ a(l + 



On,- can easily show that it f(z) is In Qj,{a,A,B), then 
f{s) helongs to S‘(A,B). Hence, If f(z) Is in Qj,(a,A,B), 
then 


J(a,f(z)) 

and 

J(0,£(z)) « . 

Ihrery J(fj,f(z)), 0 1,P5-0:> written as a linear 

convex combination of J(a,f(z)) and J(0,f(z)). Also, 
the ima.<^G of — '*[( 3 - under z < r < 1 is convex. Hence 

the theorem follows by using the general definition of 
subordination . 


In order to obtain the characterisation for a function 
f(z) in Qj|(a,A,B) (a > O), we first prove the following 
theorem , 

Thoorom 5.5,2. Let f(z) belong to Qj;j(a,A,B). Consider 

(5.3.1) I'p(z) = f(z) [ (0 < p < a) 

If we choose a branch of [ ] » which is elual to 1 

when z=0, then the function Pp(z) belongs to Sjj(A,B), 



^( 2 ) "belong to Qjj(a,A,B). Differentiating 
(5»3,1) logaritiimically , we get 



Since f(n) is in Qjj(a,A,B), Theorem 5.3.2 provides that 
f (k) "belongs to Qjj(p,A,B) for Q < p < a. 3n view of 
(5," .2^ we have 


sB' (3) 


<< 

h i+Bz 


1 ^( 2 ) "belongs to S-^(A,B), 


1 ' 


how we consider the converse pro"blem i.e, given the function 
F(z) in S^(A,B), is the solution f(z) of the differential 
otiuation 


(5.5.3) p( 2 ) = f(z) 

With the Boundary condition f(0)=0, a function of Q|j(ajA,B)? 
""We shall show that this indeed is the case. 


Th eorem 5.3.5. If B(z) 


is in S^(A,B) and cx > 0, then the 


solution 

(5.3.4) 


f (z) 



of the differential equation (5.3,3) with the hoimdary 
condition f(0)=0 is a member of Qjj(a,A,B) where the 
branches are selected properly. 
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proof of the theorem consists in showing that; 
f i'j v/ell defined analytic function in the unit disc TJ 
and heJon^''o to Q|^(ajAjJ3), We follow the technique similar 
to tint employed hy Miller, Mocanu and Reade [ 58 ] . Let 


(5.3.5) g(z) = 

0 ^ 

whore F(z) = a .belongs to S*(A,B) . Also, 
(5.3.4) can be \vritten as 

(5.3.6) f (s) = g(2)] 


If \;e can show that g(z) is independent of the path of 
intcegration, it will follow that f(z) is well defined. 

Since ]?(«) = z [ ] belongs to Sjy(A,B) and 

thus being a member of a subclass of S*, we have that 
r . , ] is nonzero in U. 

Thus we may write 


(5.3.7) 


(1 + A^ 


N 

+ 1 ^ 


...)Va = 1+ s b^z' 
n=h 


n 


as the power series expansion about z-0. From (5.3.7) it 
follows that 


(5.3.8) 


/ iiiuiYfds 


a z 


v< 


“(1+ z 

n=H 




2 ) 


+ O 


lo obtain a solution of (5.S.8) Wnloh is analytic and 


zero at the origin, we take c -0, 


fhus g(z) is independent 
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of the path of integration, so that £(2) given by (5.3.4) 
is well defined. Also from (5,3,4) we have by logarithmic 

d iff or cnt iat ion , 


j(a,f(z)) = • 

Hence, f(z) belongs to Qjj(a,A,B), 

This oompletes the proof of the theorem. 

How we will prove a distortion theorem for f(z) in 
Qj.(«,A,B). 

fhoorom 5.3.4, let f(z) belong to Qjf(a,A,B) (a > O) . Then 


(3.3,9) r[G(^, ^ +I5 Br )] < lf(z)| 

< :c[G(.^, ^ , for B ^ 0 


and 


(5 


.3.10) (i / e ^ap) < lf(2;)l 

® 0 . H 


AP 


ry 

< (1 / pVa-f e dp) , for B=0 


where G(a,bjcj3) is hypergoometric function. 

Pro^. We may take z=r since the general case can be 
reduo'ea to this hy oonsiderihg with suitably ohosen 

such that lr.1 = 1. By the Integral representation for the 

s 4 o ('a' A b') fa > 0) there exists a function 
function f(3) in Qj;]-(a>A,B; i.a 

P(2) in S^(A,B) such that 
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f{z) =[| / 

^ 0 




48] 


a 


Ii iQ talco a~r and integrate along the positive real axl 
^=p , vve ;_;-ot 


l€-^ 


1 IilLeDil ap]“ 


(6.S.11) f(r) =[■„■/ . 

a 0 ^ 

Since liz) belongs to S^(1,B), 


(r).:5,l2) 


" < < - ■'-‘’-155: • ® ^ ° 


'VX 

(1-BP®)®” 


(IPBP®)® 


cmCi 


a/ 


(S.3.13) 


iLP ^ 

pe” < lF(p)l < Pe ^ , for B=0. 


Let B=0. Using theR.H.S, of (5.3.13) in (5.3.11), we get 


Ap 




if(p)l <i~J' 


a 


Shis proves the 11.11. S. of (5.3,10). 

Let B / 0. Using (5,3.12) in (5.3.13), we geu 

Ar^B 

lf(r)l^/“ < ~ f P^/“’^^(1+BP^^)^ dP 

Setting P"^^ = r^u, we get 


UpN-l^p = du. 



211 or ef ore, 



j,Va 
i ’'ca' 




du 




). 


Eenc e , 


[f (r)l < r {G( 


1 3-A 1 . ^ E. 


a 


Shis proves the R.H.S, of (5,3 ,9) ♦ 

So prove the 1,11,3, of (5,3,9) and (5,3,10) we consider 
the straif'ht line T’ joining 0 to f(z). Since f(z) is 
ntarllko 1" is the image of the jordan arc r in TJ 
coimi’.'cting 0 and z. She image of under the mapping 
[f(z)J^/‘^ will consist in general of many line segments 
enamating from the origin each of length 


rVo: = ,if(z)lV“ = / 1 <sf(6))^/746 1 lael 


Irom Gho integral representation of f (z), there exists an 
P(z) in S*(A,B) such that 




1/a 


(5.3.13) 

If B=0 and P =,^1> deduce from (5,3,13) 

iVa - i / |ael > -; / 

a V s ^ 


AP 


IT 


R‘ 


Abovo inequality provides tho I.H.S . of (5.3.10). 



If j3 we deduce from (5,3,12) 


- i / I 




I'iSl > ^ 


A-B 


d P 


- rV'-f re . 1 m -d , 

Hcmco, if pB / 0 

■(:j)1 > ; K +I5 Br^)}“ 


I'hic prov'^s the L,H,S, of (5,3,9), 
flic rcrjults arc sharp for the function 

' (1 f g Va“l(i+B|N)^Soc ^ B 0 

’ “ 0 

f^(m) = <' 

' (- f § Va-'l Q^a , if B = 0. 

^ 0 

'Vv« 

Re mark ■‘3,5,1, It is well known that a hypergeometric series 

G(a, pjrjs:) conYerges for [zl < 1 if r > 0 and for jzj < 1 

if «+p <r . Hence, if f(z) is in Qj^(a,A,B) and jBj < 1, 

then f (s,) is hounded. If B = -1, then f(s) in Qj;j(a,A,B) 

I4A 

is hounded for a>'^"« 

belong to Qjj(a,A,B), B 0, then 
the linage of the unit disc under the mapping W=f (z) always 
contains the disc jWj < d(a) where 


d (a) 


(UB) 




if a = 0> 


,1 B-.1 L. + 1 j B)}“ 


d(a) = CG('^ » STa » ^ 


, if a > 0, 
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:.nv.' ,v5J.l obtain the upper bound M(r) = max f (re^®) 

0 < 9 < 27 x 

for f(r) in Qp (a,A,B) , We will use the following result [98J 
fo- 1 ,,:... 'j , i*j. . oiii’ theorem. 

Let t- (. - 5 1 'jjT jx) denote the hypergeometric function. 

If < 0 and x -* 1-0, then 

/ ^ , G-(a, pj.rjx) 

(5.3.14) (i) V' ^ 

li2j[LC«+^2l . 

r(a)r(p) 


and if 

(5.5.15) 


r = 0 , then 


(lXa+gj_„ 1 (1)) 

T(a)TXp) 


lhcojfom_bf>^__. Let f(z) belong to Qjj(a,A,B) and 

M(r) = Iv&x f(re^®). If Isj < 1, then 
O<0<2m 


K ^ ^ +lj^^Br®)] , if B ^ 0 , 


(5.3.16) M(r) < AP 




(1 / pVoc”! e^a ‘ dP)'^ , B=0. 

CX A 


If a > ^ and B = -1, then 

r ,1 B-A 1 .1, 

(5.3.17) M(r) < » Wa ^ 

If B = --I and a < » fBen 

l-lAr^CXN j, . 

It * A I n 1 A 

(5.3.18) «(r) < (■/■n) ^ ,forO<a<.ir. 
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and 


l4A 


(5.3.19) M(r) = log (-3^)’^' , for 

1 -r 


a = 




££251,* (5.3.16) and (5,3.1?) follow easily by using Theorem 

5,3.4 and Remark 5.3.1. 


If B = ~1 

and 

0 < a < , then 

n /I l-fA 1 

yar 3ir * + • 

(5.3.20) 

lim 


r-*l“ 

-1 l-iA 



(1^/) ~ “ 

Also, if 

a = 0 

then 



M(r) < -S 




(l-bA-cxN) 


l-wl 

(!-/)■ 


Hence, (5,3.18) follows easily by using (5,3,9) and (5.3,20) 


If B = -1 and 


a 


1 -t-A V 

’Tf” » 'tlien (5,3,15) provides 
l^A 


„(1 1-fA 1 ^ Hn 

(5.3.21) iig._ -ii 

r^l log (i-r ; 


= constant 


(5,3,19) follows by using (5,3,9) and (5,3,20), 

This completes the proof of the theorem. 

How we will establish a coefficient inequality and some 
coefficient estimates for f(z) in (^(ccj-^jS). 

CO 

Iheorem 5,3,6. let f(z) = z + L a.z belong to Q-fT(a,A,j3) 
, .. k=H+l 

and h be any complex number. If H=l, then 
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(6.3.22) lag-4ia|l < »iajc ! 1, j# j ) 

2 ^ (A-B) (2a +1 ) -12 (A-B) +(a-t-l ) [B (1-fl) 43,(B-A)] 

WhOVO ^ 1 r, I , , , , , r I , Ir,^ , ,r ri , 4 % - r r - 

(a+ir 

For n > 2 


(5.3 #23) 


iUB 

(H-l-l)(l-hx(B-HL)) 


(A^B ) (B -f-1 ) ( l.-hx (B +1 ) .) 

{max ' ' > ' ' ^ ' ' ' ’ « • } I, 

B^(l+aB)^ 

00 

JProof . Since f (z) = a -h X a, a Belongs to Qjf(a,A,B), 

k=B+l 

there exists a B-^chwarz function ^(a) such that 

/ \ /H N af'’(z) /I . af’’{z)\ ^ l*iii6)(z') 

(5.3.24) (i-a) + a(l-H*3.<B*^^) ) = 1+^tz) * ' 

By expanding in power series both the sides of (5^.3'. >24) 
and e<iuating the coefficients of a and a , we have 


for B-1 
( 5 . 3 . 25 ) 


^oC.atl.) 


= 'I?.}?" ' ■ 


2a^ (2a -fl ) a? C 2 (A«-B ) -}-(a +1 )[ B,(a+1 ) 43 (B-A )] ; 

°2 = ■ • li;.!)') ^ (A-B)-^ 


and for B > 2 


(5,3:.;27) 


'B 


t , r_# r I « ^ 

(i^B) 
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(5.:5.28) c = \+2(a(J^+l)+l).(N+l;) 

1+1 , ■ ■ ■ '8 ■ ■ 

(a*«b) 

(5.0.25) and (5.2.26) with the lemma due to Koegh and Merkes [38] 
proTide 

(A-.B)^ 

< max Cl, } 

Henco 



(a+l)[5'(a+l)-{B(a+l)43(B-A)]~2(A-.B) g 

"■si 


I ». *. V JR. ft fr\.» / V r f I 


t t f r $ . 1 y t t 


2(2a+l)(A-.B) 


In - 

putting 

(a+l)[i^ (a+l,)-{B(pc+l),H^ (BrA)}] . r.2(At-B) 

jj^ ST r.,Ti<r<»ri.i#r ir#4i~T.irrrirtrrri'#ffK4if4 

2(2a+l)(l^B) 


got (^\7y^2). 

(?>.;'), 27) and (5.5,28) with lemma of Koegh and Mer]£es[38] 


provide 


0 — V 0 

1+1 1 




.(l+l)(l-f«(l+l)) 


(A-B) 






l^.(l4ul)^ 

ym r ! 1^*1 

(A-B)^ 



< max: Cl, 1^1 } •> 


therefore, 


'ro ro 
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^.i+2“^i+ii 1 ; :. v:;.Vx\ 1- ■ • ^ • v.' • * 


(H+l)(l-fcc(i+l)) 

This proves (5.2,23), 


.... . V ... , . 


let f(z) "belong to Qjj(a,A,B),^ If 1=1, 

then 

A-B 


1 a+T 


(5.3.29) 
and 

fr >t '/n^ 1 1 ^ (A^l)tB(p:+l)^+(h-A)(3pc+l)] 

^\J#Q#OUy [ 3»fT [ \ Prii»frr»#rrt -4»f t t t t t a 

2(2a+l)(a+l)^ 


For n > 2, 


(5.3,31) 1^+1 1 i 


A«B' • 

I t -t %ijr I » n 

l(l4«K) 


and 


1 


(l+l)(’l-Kx(l+l)) 


QP 


Proof. Since c*>(a) = I o,z^ in (5.3,24) is a schwarz 


k=l 


function 


(5.3.33) 


l°k 


(5.3 .33) with (5‘.3'..25) and (5.21.27) provide (5.3.,29) and 
(5.3,31) respectively'.' (5,3i,30) and (5,3!,32) are ©"btained 
"by putting h =0 in (5'.3l,22) and (5',3l,'23) respectively. 

Conolifr;^_5^3j,j2;.‘ let f (z) = 2+ belong to 03(0, A, B) 

"3* ^ 2(1^;) 
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and 



< 


■ A(-B' , 

r M I ^ ‘ 

3 (l-+3a) 


Pollows directly from Corol]n,ry 5!.5i.2. 


5,4 In this section we study the class Ej“(A,B)', fe 

obtain a coefficient inefiuality and coefficient estimates 
for 1 ( 2 ) in B^(A,B)i, lire length of the image of 
lsj=:r<l and the area included by the image of lz|=r<l 
luid'or f(s) e H^(A,B) have been obtained . If f(z) and gCs) 
aro in R^(A,B), we obtain a condition on l,B,A,a such 
that (1-X)s+X(f (z)*zg’ (z)) is also in E^(A,B) , ffe first 
catablioh a lemma needed in obtaining coefficient estimates', 

LeimaLi 5, 4.1 , For f(z) in R^(A,B), if 
(5.4.1) f’(z) = p(z) =1+2 Pt^-Z , 

then 

H o 9 P 

(5,4'.B) IPjj-I "" (A-B) cos a j k > h. 


2ho bounds are sharp . 


Proof , 


Since f (z) belongs to E^(A,B) 


f ' (z) 


1+,(A, cos a— i Bi sina), e 

[■, i -r . . i -r r > r r - . - 

1+Bw(z) 


Where o)(z) has a zero of order I at z_0 and l«(z)| 
< [z^^l for z e TJ‘. 



loi 


Henoe 

( 5 « 4 , 3 ) 
Setting 


~ k 1+(A O03a-i B sina)e^“w(z) 



145^(2) 


S^U) = I p 

k=:^^ ^ 


and 


t-1 


S^l(z) = (jUB) oos a - B S p. 2^ 

]£=S ^ 


(5,4.3) can "be v/ritten as 


k 


3^(2) + E pj^z = (0(2) [S. .(z) Z Bp^z"^] 
^ k=^+t ^ k=t ^ 

= “(2) S^._i(z) + X aj.z'^ 

^ ■ k= 1 :« 


or 


3^(2)+ Z (pi-aOz = w(2)S. i(z), 

^ k^a+t ^ ^ ^ 

Since lo3(z)l < 1, we have by ParseTal*s identity, 

il 4t*«»l o 01.. “ . ,2 2k r> o O t"*l 


2 ^ 2 k 


r‘lPkl'r^+ I ,xjpj,r r 


k=dl 

Henoe, 


kjr+t 


M 


IW-l 

r^r ‘^k‘ ^ ' kzdl ^ 


2 ^ 2 k 


lc=® 


k=dJ 


Letting r -* 1 , we get 
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l‘l p 4.-1 

C=1T ^ (^-B)^cos\ +B^ i Ip (^ 


cr 


k= 


I« *Hfc”*l 




^ 4 . - (A-B)^ oos^c^. 


k==t 


xli 0 X’ot^ul'fc xs slio^xp fox *tii 0 funoi/ion 




1 +(Ac 0 s a-»iEsliiJK') -^z 


n 


- i+B 6 z^‘ '■ t<n<N+-Ul. 


a'lM 0 i:ai. 5 .. 4 .a. if f(z) belongs to Eg(A,B) and 


( 5 . 4 . 4 ) 

then 

( 6 . 4 . 5 ) 


f(z) = Z + s K z^ , 


I \1 i 


k=I-Kl 
,(A^B) pos^ a 

I t f ! t a t 1 r, 

n 


n > W +1 


)Prpctf , Ihe result follows easily hy using (5,4’.4) and 
Lemma .6.4>1. Lhe hounds are sharp for the function 

z ;L +(1 cos a iB sin, a)e^% 

£ V,( 2 ) =l .’''r. , dS, 

cifU ^ ^ n 

° 1+B6S 


Remark. IC f (z) = z + I \z belongs to R^CAjB) 

k=I+l ^ 

for 1 > 1+1, h 4 = then the OoroTlary 

guarentees that hj^.- 0 for k = j- 1 + 1 , ... j-l» j+l,,,,j4l- 
Dhoorem 5.4.£. Let f (z) given by (5..^.4) belong to 

til tjjk- 1 i»*. *fl r utw “A w I fi. -itmjimmm 

and u. be any complex number'. 33ien for 1-1 


l 6 l = 1 

and 

I 

eS(a,b) 
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/ / \ I 2 1 (^■^B)oosa 

(5.4.6) Ibg-uBgl < ‘ . 2) inaac C 1, 1 b+ ^i^?X cos e^^uj } 

ana for any 1; > 2 


(O.i.Y) max (1, ^ (A^B)cosalul} . 


(K+l)' 


Proof 


(ru4,'o) 


Since f(z) belongs to R^(A,b), 


1+(A CDS a ~ ;iB sina) ei'^“p(z) 


t. *■ t I A - r - » M ti ri 


1+B^<i(2) 


v/hcre K''(s)| < jz^l for z e U, 

oo cx> 

Subniltuting t' (z) =: 1+ X (k-KL)b, -z^ w(z) = £ and 

]c=I M ^ 

U IT 4-1 

(Kiiiatinij the coefficients of z and z *, we get for K=1 


(5.4.9) ai 


IT I . r 


For i-i > 2 


(A-B)cosa 

‘ 3- ^ ■ r . . 4B ' : 

(iu«B)cosa 5(A«B) oosa e ^ 


(M'-KL)b^ ^ i(H+2):bjj^, 

■“ (A-.B)cosa ' (A-B)cosa e 

(5.4.9) and (5.4.10) with the lemma of Koegb and Merkestss] 
prcjvlde (5.4.6) and (5.4.’,7) respectively. 
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Distortion theorms 

p _4i f j r f^imr n | rAi 


.%eprem_5.£^. Let t{z) belong to Ilg,(Ai,B)‘* Then for 

= r < 1, 


^ _ l~ABr^ 2 p P 1/2 (A-B)cpsa 

(5.4.11) [f ' (z)| < [ (■ -- p- p:t) oos a + sin a] +> ''■■ w -pw ' ■ “ 

?UABr^^ 2 g g 1/2 (^^B,)cp,sa- r^: 

(5.4.12) lf’(z)i > [ 0 ' M/ pth) cos a + sin a] -- ' '/-W ' ' 

1-B r 1-B r 


and 


r ^ l^ABSp^ ^2 2 f(ApjB)cps,a^’' 

) oos a + sin^a } + ‘ 

1»-B I 


.L 


(5.4,13) lf(z) < / 

0 5 


r 2 2 2 V2 .(ArB^cpsag' ^ 

(5,4,14) If (z)l > I. [( (•^■' oos a + sin a} - ' 

Proof. (5.4.11) and (5, .4.12) follow easily from (5.1,3) and 

mu _ fcuu ^ 

Remark 5.1.1, 

How 

f(z) =/ f'(z)dz =/ f ’ (se^®)e^®ds 
0 0 

where z = re“.- Then from (e.4-.ll) we haTe 

lf(z)l < /lf'(Se^®)e^®la£ 

0 




1/2 ,(A;-B)cosa| 

• _L X ^ V M U f f (X^ 


0 § 


whioli yields (Si,4i,13)^ 
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Let 2^, Iz^l-r -be so chosen that lf(2^)l < lf(z)l for all 2 
such that lzl=r, lo find the lower hound of lf(z)l we note 
that 

lf(z)l = / f>(2)dz = / |f‘(z)l [dzl 


provided we integrate from 0 to along the path 1 (lying 
in [s[ < 1) whose image is the line segment [o, f (Zq) ] • 
On 1 , we have 


lazl > dial 

and 

^2 S .(A-B)cosar^^ 

If’ (z)! > 00s a + sin a] - 


Hence. 


r Jtnth ^ P 2 

[f (z)l > If (Zq)I ^ n (;■ ‘ '23) 00s a + sin a} 

0 1*“B s 

.1 


.(Ar»B)cosa ^ , 

This completes the proof of the theorem. 

Follov/ing theorems can easily he proved . 

Ihoorcm 5,4,5, let f(z) belong to R^(A,B)r Then 

UfJ’t -* -WK. KF-tl “ ^ * « 5”* *■ 


(1-.B,(A, co,s,a. - iB, sinpc), 
[arg f ' (z)-arg ' - • ’ ' 

I, 


f - 1 t : f H ‘ r ^ 

< Sin L- ' 


L pVo 2 . 2 .. 

{(1-ABr^) 'oos a + son a(l-B r } } 
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^epren. 5. 4 «6 . If 1 ( 2 ) and g( 2 ) belong to then 

Xf (s) + (l-^)g(z) also belongs to R^(A,B), for 0 < 1. 

Arc length and Area of the image- ourve 

How v/e obtain the length of the image of > l^j^r and the area 
bounded by the image of |z|=r under f(z) in R^(A,B), 

0 < r < 1. 

belong to R^(A,B) and I«j,.(f) 

denote the length of the image of lz|=r under f(z)j 0<r<l. 
Then 


R 

2nx cosa[l~ log + 2Ttrlsinal, if B 0 

' ^ l4Br. 


i 


lx /’‘ll-A ooset / if • 


Proof . let 

tk. t eo- • 


g(z)=f ’ (s) and G(z) = 


♦ 

i-f;(A, ODSa, r*. IR e;ina)e, 


» # r r r r i * ' • 


l+Bs 


I'hon (5,1.3) with Remarh 5. 1.1 provide 

g(z) 1 ( 2 ) » 

Using Lemma we get 

„ 2it “A", f. » 

/":f.(ro“)lde<; V- 

/*\ 0 


How 
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2n 


\(f) = , / tf’( 2 )lla 2 l =/ |f’(re“)|ra0 

[ Z —I! Q 

^2^1 ^+(A, cosa. r* iB, 

J r [ ' ■ ‘ ■ ■ - - - . .^r , i sinal de 

° 1 +b/ 


Since 


A+B 


(l-B^rp^,),(A-B). 




= Re ‘ • L' '.wx > 0 . 
2B(l+2Br^cosRe + B^r^) ® 


Also, cos a > 0 for jal < ^ hence, 




L (f ) < r [ / cosa de - I ‘ ^ ’ ' V! '^TTr^^® 

2B Q 2B (i+2Br^cos Re+B^r*^) 


R 


2 % l^B, cpsfX; rf, 3±p, lip ; . I 

+ j .tiii«x»ii»i'-»«y» de + J I sinoc I de 

0 ' l+2Br oos Re + B o 


R 


< Bitr cosa [ ^ 


[1- log + Site 1 sinal J for B 0< 

1+Br 


If B=0, then it is obvious that 


2% 




R ^i(Re-Hx) 


[ de • 


Ihis completes the proof of the theorem. 

aaieorOT 5;,4;.8;.- let f (z) Delong to E^(A,B)'. If aetiote 

the area Inohidecl Dy the hnage of lzl=r under f(z), 0 < r < 1, 


then 
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r 


V®[1- ^ pap ■ 

B-^ %'0 - { VV-^rSK^"’ 


A^(f ) < < 




.2^11+1 2 
2p^ A; r, :C0S;a 
_ TlX L 1+ ] 

V K+1 


?^PP£* £(z) iDelong to R^(A‘,B) , lEBen 

1+(A cps.a - iB, ^inpc) e^“z’ 


f ' (z) « 
K 


• I * I * * If I - \ t 0 ririffiTi 


l+Bz 


Since 


K 2n: 4 A o 

A (f) = 2 / (f » (Pe^®)r PdedP , 
0 0 


Lemma 1,3',3 provides 


r 2it pppi p- 


Aj,(f)</ / 1' 

0 0 1+Bp e 


Pd9dP 


P Pvll ,,2 2 -n2.2N r> 2 L 

1+2(A cos a+B sin^a)P cos 10 + (A cos a + B sin a)P + 


r 2 ti . , , 

jP rtjl— f - 

o o 


1 

+ E(p-A)cpsa. sina P sin 10 


■/‘'a"® — wa'Vb^sIt' 
1+2BP cos 10 + B P 


PdPd9 


If B/O, then 

P 2 

r A, Gpp a, +; B. a ^^5 li.ABP^'^ aaoc.^ 

A„(f) i ■■fi-' ■• ■-p- 

^ o 


= Tir 


2[1_ { l_B'‘fp2®' 


at 

l-B^^P' 

2tt 

0 


dP ] 


If B=0,. then 
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Jc 2n: 

cosa I ^ PdedP 

0 0 

= [ 1+ ?if ] , 

This completes the proof of the theorem.. 
Conv^olution 

U - I ~ W «*9r m I 

Theor S.id.g . let 


f(z) =: z + E b,z 
B=If+l ^ 


,h 


and 


g(z) = z + E o,z 
k=K+l ^ 


,k 


belong to R^(A,B), J£ 

(5.4.16) [bI + l^l (A-B) cosa "< 1, 
then 

oo 

^k"k‘ 


O® . 

BCz) = z+X E k b^c, z = (l-X)z + X(f (z)*zgHz)) 


k=I+l 


also belongs to R^(A,B)', 


Proof, Since f(z) G R^(A,B), 


r 1 -4* »r 


■R' 


1+,(A cosa - iB s,ina,)e^“m( 2 ;) 

f ' (z) ' “ ’ ' ’ 

1+Bm(z) 


4 t r I r r 


where u(z) is R-schwarz function and lm(z)l < jz^j 


Henoe, 
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(5 .4 .1?) f ’ (z)— I jI < c 


Ir-BiCA; cpstti iP. P‘ina)t ,(ArP,)c 03 a, r 

vmere Id = q _ . 






One can easily check that ll~h| < c'.. 


If H(z) = ^ regular function in jzl'^l and jH(z)10l, 

then hy 

00 

(5.4.18) E 111 P < M^. 

n=0 


Applying (5.4.18) in (5.4.17), we get 


II once, 
(5.4.19) 


tl-hl^ + E k^lh, 1^ < c^., 


k=l 


“ p P .(A-B,)^cos^(x 

Z h |h^l < ••:' Vo 'pW' 

lfcN+1 ^ 1-B^r^^ 


Similarly 

(5.4,20) 


~ 2 . |(ArP)^po&^P' 

, iV l-'/yjstf 

k=II+l r 


how 


lF'(z)-blH |l-b+ 


Z’ 


lo-l 1 2 




“ 2 H. 11^ 1 


” 2 . . 







k=I+l 


k=K+l 




k=N+l 


k=U+l 


("by Cauchy-schwarz inequality) 

2 4 „4II 


2 (A*-B)^cos^a p (A-B)^cos'^a r 

< [l-bl + 2 lxl + 1 x 1 


1 ,3l ‘^coc^aCA— ^1^1 l^l (A— B)^cos^a 

‘ ‘ ^ * p' 'pif 'p- 

(1-B‘^r^)^ 


- /• m 


(l-B^r^)S 


,2 4 „4II 


lx]^(^-B)'^oo,s a 

"(iIbW 

(A-B)^cos^°^ ' 2 ,(A-B)^,cos^a 

•' 'a.O ^ .®1 +1^1 (A-B)cosa J < 


(1-B 


(l-B r'^^)' 


followD in view of (9,4!,10) , 
Henco P(z) belongs to R^(A,B), 



CHAPTER VI 


EPEECT OE OERTAIH IKTBG-RjiL OPERATORS OR A 
GLASS OE MEROMORPHIG EimCTIORS 


6,1 Let E denote the class of functions 

1 2 

(6,1.1) f(z) = 2 + a^+ a^z + a^z +. . . 

regular in the punctured disc 0 < \z\ < 1 and denote 

the class of functions f(z) in E with aQ=0, 

Deftoition 6,1,1. A function f(z) in E is said to belong 

ma flstvteri IPU 4 I 1 a ^ 

to E^(A,B) (-1 < B < A < 1) in 0 < jzl < 1 and only 
(6.1.2) 

Definition 6,1.2. A function f(z) in ^ is said to helo.^^ 

. n<:lzl<l if and only if 
to E*(A,B) (-1 < b < a < 1) m 0 11 

. 2 f’'(z) // 1-fAz z G U. 

(c. 1 . 3 ) - « r+i/z » 

OV I'l - E*(^) (0 <X< 1) are 

T fl-PX-l) = Ev(?^) and E*(1-2X,-1) - h k - 

^ ^ •c.+nrifi' of functions meromor- 

well toiovm suhcinsses of E consi g ^ „f 

^ j V. -v The classes oi 
ov,;? a+nriilce of order X • 

phically convex aad etarlik 

functions meromorpMoally oonv® aaid starliK 

ana I* = XV0) respectively. 

. .. ei3 A function 1(.) * is said to belong 

Bof ination. ^ of olos^to-c: 

to E„(A,P) (0<’^< 


'Tr 
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of order x and type p in 0 < |z[ < Ij if there exists 
a function giz) in E*'(p) such that 


(6,1,4) -Re > X , for z e U, 

X^(X,0) = x^(x) is the class of meromorphic close to-conYex 
f mictions of order X ’, it is well knovm that 
^kC-^jS) 1 2 < i) consist of univalent functions while 

functions in need not he univalent. 

Let f (z) G X and 

1 

(6,l',-5) P(z) = c / u*^f(uz)du, 0<u^l, c>0, 

0 ~ 


In section 6,i2 we show that whenever f(a) belongs to 
Iq^k^O) or Xq(6) i.e. f(z) ii Xg- or S* with aQ=0, 

then liz) belongs to » •* " c+E^ 

respectively, further, we have shown that if f(z) is clos.>' 
to—oonvex of order X with respect to g(z) in » then 
¥(z) is closo-to-convex with respect to (i(a) = c J u f(uz)du, 
0 < u < 1, c > O', In section 6',3j tho radius of convexity and 

starlUcencss of f(z) have been obtained whenever fCz) is 
^ *" respectively.. :ih 


Section 6.4 we obtain the radius of convexity and star likeness 
of order X of f(z) whenever P(z) is in Xg-(x) and 
X*(X) respectively. Radius of close-to-convexity of order X 
and type p of f (a) haS been obtained, whenever R(z) is 
close-to-convex of order X and type p,* 
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lij has "been noticed that the proof of Sohi and 
Goel [l8] for proving F(z) to he in Z whenever f (z) 
is in (c > O) is incorrect!*- Moreover, their claim for 
f(z) being meromorphically starlike in 0 < 
v/henever '^{z) is in Z*, is seen wrong for some particular 
value of c , 


6,2, In this section we first show that if f(z) is 
^ 0 ^ 0 ), then PCz) belongs to 

and » ~ respectively. Also, we show that if 

f(z) is close-to~convex of order X with respect to g(z) 
in Zq( 0), then PCz) is close-to-convex of order X with 
rcspoot to G(z). 

Ihcorom €,2'.l', let f(z) = z*'^+a.z +apZ^+.,, belong to 
z*(0) and 

1 

(6,2,1) F(z) = c f u°f (uz)du, (0 < u < 1), c > 0, 

0 


If P(z) 0 in 


f 


o 


(z) 



Proof, let cli(z) 


0 < jzl < 1, then fCz) is in 
Ihe result is sharp for the function 


be a regular function defined in U 


(6. ,2. 2) 



U Oi(sA) 

_ I r T t 'fw I * • ■ 

. 1 - ,^P^0)(z) 


Clearly, <*i(z) has a zero 


of order 2 at z=0i. 
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From the deltoltioH of F(o), we have 

Using (6,2.2), we obtain from (6,'2,3) 


(6,2.4) f (z) = I'(z) ) 

‘ 0 - « 

c+^ 


1- 'A 


taking logarithmic derivative of (6,.2.4) and then 
multiplying by -z, we get 


/r 2 n) 2f ’ (zi) c'+2. 4. 2 ' Ziii' (zy 

^ O #(0 «0 J ~ r#-*f B t-i - 1 ! r t 

c+^’ 


(l-a3(z))(l- w(z)) 


Suppose there exists a z^ 6 U such that jco(Zj^)|=l and 
|w(z)| £1 for [z| ^1 zq|. Ihen by [55] 

(6, .2, 6) z^«'(Zq) = m w(Zq), for some m > 2, 


Using (6. 2. 6) in (6, 2,5), we get 


O' 




“(Zo) 


r r A r # r t # r f 


^rz;r = i_ .v: " o+s (i_a,(z„))(i- 


Putting w(Zq) = e^®(0 < 9 < 2m), the above expression 
reduces to 


Po^ ' (^o-) H & 

Af I #» vta, r: - ^ ^ f 




e^e 

1 ' c’ ’'ie 

c+2 ® 


m/B' ' ■ !U-e^® ‘ ' ^ 

(c42)sin ^ e 



Taking real part of both the sides (6,'2.7), 


(z^) 

—Re ‘ j _• i' - < 


• ^-OKy 

° I*** cose 


" Wr 


1 


V ■ _^e 




r • r r * r ■ 


'+^‘ 


(c+2)sin (i„ .2c^ ^ 


which is a contradiction to the given hypothesis that f( 2 ) 
is in Eq( 0), Hence, [(i)(z)[<l for jz| <1 and therefore, 


J(z) belongs to o&)- 

Following the lines of proof of Theorem &,.2*,1, we can also 
prove the following theorem. 

••1 o 

Theorem 6’,2’*2, let f(z) = z + a^z + aoZ belongs to 
and 

1 

P(z) = c / u’^f (uz)du , (0 < u £ 1), c > 0, 

0 

If F(z) 0 for 0 < [zj < 1, then F(z) belongs to 

How we will prove that £( 2 ) olose^to^coHvex of order 
with respect to g(z) in I*(0), then F(z) is close-to-. 
convex of order A with respect to G(z). 


Theorem' 6'*2','5,' Let 

i a iirrk--T^/ 

f (z) = Z + ^ 0 "^ +• ♦Ul 

g(z) = z“^+ bj^z +b2Z^.J.‘ 

be regular In 0 < [zl < 1 and f(z) be olose-to-oonver of 
order X with respect to g(z)» 
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Let 

1 c 1 

PCz) = c / u f (uz)du, G-(z) = c / u°g(uz)du, (0 < u < 1), c > 0. 

0 0 ■" 

If G(z) ^ 0 for 0 < |z| < 1, then i'(z) is close-to-convex 
of order X with respect to G(z), 

Since g(z) belongs to 1 * , by Theorem 6.a.l G(z) 
belongs to "■ c'+^^ * ^©^efore, it .is sufficient to 

show that 

^ ^ » for z 6 U , 

■Define a regular function u(z) in U by 


( 6 . 2 . 8 ) 



Clear Oy m(o) = O'. 

Prom the definition of PCz) and (6‘,'2'.'8.)', we hare 


(6,2.9) of(z) = (l4c)P(z) - ^( 2 ) • 


Dlff erentiating both the sides of (6,2,9) and then multiplyi3ag 
by -z, we get 


(6,2.10) -ozf '(z) = -(l-K3)zP’(z) 


(l-m(z))^ 


l-p''l-2^)u(z) 

+ S.'mCzr 


zG’ (z) • 


AlsOj from the definition of G(z) 
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(6.S.11) 
Hence, (6,2. 


og(2) = (1-K))&(2) + zG>(z). 
lO) and (6,2,11) provides 


(6.2. 12) - 


2,(l7Xjzw' (z) 

( 1 - Kz ))2 



We daim that [‘^(z)! < 1, for z e U. 

/ 

Suppose there exists a e TJ such that [^(Zq)! 1 and 

1“(2)| <_ 1 for jz| < ^ the lemma of JaokCso] 


ZoCo’(Zo) = mci3(zQ) , for some m > 1. 
[Dhe use of Jack’s lemma in (6,2,12) provides 


pf',(zQ,) l+,(l-2X)m ( zq) ^,(lpX)a)(p^) , , ,, , 

“-'-y 


Since G(z) belongs to 
for z e U, 

Putting w(2q) = e^®, (0 <_ 0 < 2-n;), we get 


P|qG'’.(2q,) 

&V2,0 


> 0 , 


which is a contradiction to the given l^pothesis that f (z) 
is close-to-convex of order X with respect to g(z). Hence 
w(z)[ < 1 and therefore f(z) belongs to Sq(X). 

This completes the proof of the theorem. 
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Remark 6^, 2^,- Sohi and G-oel [l8] proved that if fCz) in 

then 5’(z) belongs to for 0 < jzl < 1', But we are 

u.oaL of ul about their claim because the ineciuality {(16), Page 23 } 

[h(2) ~ 1 < ;-i 

(l-fc*^) •-d'' (l+c— a) —d 

is true only if (l+c~a)-.d is positive. They used it v/ithout 
observing this restriction, 

6,3 In this section we obtain the radius of convexity and 
starlikeness of f(z), whenever P(z) is in •" c+2^ 

and - -^^^0 respectively. 

-1 

Thoorcaa 6.5GI. let P(z) = z + bQ+ b^z+,i,-,- belong to 
f( 2 ) = I C (c+l)p(z) + zP’ (z)3> C > 

y 1 I r 0 

then P(z) belongs to Z for 0 < }21 <Tq'^' • 

We shall need the following lemma due to Singh and Goel [70 ] , 

for proving our result. 

lermna G.SVf. bet w(z) be regular in U and satisfies the 

conditions (i) uo) = 0 (11) <1 == e U, then 

(6.3.1) |zo)' (z)-m(z)l i ■ ‘ 

Proof of the^ theorem. Slnoe P(s) belongs to E ('o+^» " 

there’ exists a function «(s) regular to U with m(0)=0. 
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|w(z)[ < 1 such that 


, pN zF'(z) cfe 

\0 ^ J J #*r^r I » i ^ 


g+2' 


q(z) 


This yields 


f (z) = — V = feblitzV ^ " c+2 • 

1~ c'^(z) 

Talcing the logarithmic derivative of "both the sides of (6'*3'»2); 
we get 


1 + ’Ah “(?-) 


t’l- o+h M v\ ' ' ZCO' (z) 

(6.3.3) - = -'w + (l«h) ' ' / ^^ * 

^ ^2) . (l-hw(z))(l-w(z)) 

0 “• 


Using (6»3i,l)j we get from (6»3‘»3) 


^ 2f ’ (z) V pg + (1-h) [Re ' - ' ‘ /W 




, y . 

where p(zi - xi^(w(zO 


~ {*5 Re[p(z)-®e (l-r^)ipC®)l 


It is easy to sec that the traiisiormtion p 
the oitole lt)(z)l <r ei'-to 


(z) = 


|p(z)-al <a where e = ^y/ . 


[Uhr^ ^ _ rCl-h) 

= ■ - ’ ‘Z '» ^ 


If we put p 
S(R,0), then 


(z) =: Ee“ and denote the E.a.Si. of (6.3'.^) hy 
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|ii)(z)j < 1 such that 




zF ’ (z) 

“Hz) 


1+ 


,0/' . 


'' .O' ; 

c+2 


03 (z) 


This yields 

Taking the logarithmic derivative of "both the sides of (6*3!,2), 
we get 


(6i,3i.3) - + (1*^) 


ZCD* (z) • 


0+^ 


0)(z) 


( l-h w(z ) ) ( l-m(z ) ) 


Using (6.,3Ul)'j we get from (G.Ui.S) 


> Re + (1-b) [Re ii -. m , - 


•hw(z)) 




~ ( 1-r ^ ) { i-<j ( z ) ) ( l-bu { z ) ) 

where p(zX = 

It Is easy to see that the transformation p(z) = ' “aps 


the oiroie l'c^(z) i <. ^ caito the circle 

|p(z)r‘a[ < d where a = d = , 

dU-*IC 

If we put . p(z) = and denote the R.Si^ir of {6'.3i*|4:) hy 
S(R,0), then 



(6.3.5) S(r,6) = ■ - 2a)cose -iR+(a^-d^)R~^ ] 

(1~Td) 

2 2 2 

where a~d i R < a-Ki and cose - . 

Let a}(R) = 2a-.R . 

If ‘I(R) ^ 0, then obviously S(R,0) > 0 inside the disc 
|p( 2 ;)-a| <_ d , If T(R) > 0, then minimum of S(R,0) > 0 w.r.t , 
0 inside the |p(z)-a| < d is attained at 9=0. 

Puttin{; 9=0 in (6.3,5), we obtain 

2 2 

(6.3.6) 1(R) = S(R,0) = -2a ] 

Miniiaura of L(R) w.r.t.' R is attained at R = Y ‘ • 

^ 

If a-d > Y r^' ■ , then the minimum of L(R) w.r.t, R is 

attained at R = a-d and 


l(a-d) 


,1-br^ 

AT r r - 


(l-ibr)(l+r) 


* r ■ ^ 0, for r i . 


If a-d < Y — , then the minimum of L(R) w.r.t. R is 


attained at R = Y 


~b-ta2— d^ 


Also, 


r>.,-^|i:^)= 2Y2('-tta't«d'^) 


« 2a > 2(a-2d) > 0, for 


for r 


f r < ■» 

-4-^YG^^4c-^_ 
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ly have to show that 1(R) is positive for 

' W - r 3 1 ■ 

1+ T c +2 c 44 ^ ^ , ,r c+^ 

” ' 6 * •“ 1, ^ N ^ cl?* sufficient to show that 

(6,3.8) Q(r) = '-{r^(2-h)+2{(a-b)^-.b}r^-.(l-2h)} > 0 for 


r^+f c^+2c-i4 

C 


< r < Y 


c-f4 ' 


Ihe eq.uation 


r^(2-b)b + 2 {(l«b) «b}r^-*(l-2b) = 0 

> * r . 

has four roots +Y > +Y 3 ^ 11 ' • 

If c < 2, then one pair consists of imaginary roots and 
for c > 2 


* > j' ^ • 

nf ‘o*fS V <^,+ Y C +4:0+4: V if C— 

V > ’c" > » • c * 


Also, 


3r 


-,r 0 4 ^ 

r=V 


< 0 


giver; that 1(R) is positive for ° < r < Y • 

(G.3.7) with the above argument gives that 1(R) is positive 

for r < Y completes the proof of the theorem, 

ghoor_CTi 6,5,2 . Let RCz) = z”^-*^4b^z+. . . belong to 

f(z) = ~ [(c+l)f(z) + zl”(z)] J c > 0* 

Then f (z) also belongs to % for 0 < \z\ < Y 3^4. 
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above theorem can be proved on the same lines 
as the proof of the Theorem 6.3,2. 


6.4 It can be easily shown that whenever f(z) belongs to 
or Eg-(X), 1 ( 2 ) also belongs to S*(x) and 2.jr(A) 
respectively. In this section we obtain the radius of 
convexity and star lUcen ess of order X of 

f {z) = i [(c+1)F(z) + zl" (z)] , c > 0, whenever I(z) belongs 
to E*(X) respectively'. We obtain the radius of 

cloco-to-convexity of order X and type p of f(z) v/henever 
5'(z) is cloSG-to-convex of order X and type |B. Also, we 
show that the claim of Sohi and Goel [18] that f(z) belongs 
to 11* in 0 < |z| < f whenever ^(z) belongs to 2 

is incorrect , 

Theorem 6,4,1. Let I’(z) = 2 ^ 4 b +bj^z+, ,, belong to 2 (X) and 
f(z) = i [(c+l)F(z) + zf’Cz)] , c > 0 
Then f (z ) is mcromorphically starlike of order X 
in 0 < I z 1 < > if 0 < ^ i ^ 


in 0 < |z[ < 


' C+2-2X 


if ^ ^ ^ i 


The result is sharp. 

!Proof ; Since fCs) Lelongs to 
w(z) regular in U with o)(0)=0 


£*(X), there exists a function 
and ' [w(z)l < 1, such that 
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(6.4.1) - ^2) 


(0(2)' 


Tliis yields 

(6.4,2) f(z) = where h = . 

Talcing the logarithmic dertvative of hoth the sides of (6,4,2) 
and multiplying hy -z, we get 


(6 


.4.3) - .) = (I-X) 


(l-hO)(z))(l«w(z)) 


Using (6.3,1), we get from (6,4.-2) 




(l-r^) (l"'b“(z) ) (l-^^^C^)) 


(6.4.4) > 


1 


[(2X-l)Re h(z)-iRe - ‘ |ii(2;) | 


\ 1 2 - ' ' ’ ' ^ 

, X h 

• r(2X— l)E-e h(z)-iRe *“ 

(h-1) 

, V 1— hcofz) 

where h(z) = * 

4> +-nn h( 7 ) - maps the circle l^^Cz)! < ^ 

The transformation n\z) - p’^ci^s) ^ 

onto the circle 


l-.hr^ ^ (h-l^r 
(6.4.5) < i "■ ' iCr® ■ ’ l-r’-" ■ 


If we put li(z) = Reis, then a«d < R < atd and 
, < 003 e > 0. I.t S(E,e) denote the E.H.S. of (6.4.4) 


then 
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(6 •4, 6) S(R, 


,9) = [((2X-1)R ~2a)cose+(a^-d^)R''^-(‘b+l)^ 


Suppose 0 < ^ and 


(2X— 1)R + —2a ^ 


Also, 


„2 2 ,2 

, , R 4a -d 

(6.4.7) cos 0 > ■ - '' 


with (6.4.4) provides 


1 r//o^ i\p ^ (Td+1)X] 

(6.4.8) S(R,e) > XW) ^ 

^ 1 -R TT S of (6.4.8) is positive 

we will show that for r ^’ * * * o +>, w tt 

y 1 .2 V Q Hence, the R.H 


, 1 ^2^2 > 0. Hence, theR.H.S. 

Stoce 2X-1<0 andfor r<p a-a > 0. , 

of (6 4 8) is a deoreastng function of H and tliere o , 

^ H S Of (6.4.8) Wit. reopect to E is attained 
of ^ 

at R = a4d . 

Ihe a-bote argument protides ttet 

/„ . n -1 \ 


iDOVe IT -- 2 2 2 

, 1 > ^ • [(-VI- + (»^-lHatd)) ■^''1^*)- ■ 

S(R,e) > tr-lja ^ 


(6.4.9) 




R.H.S. of (6.4.9) is positlYe for r < ^ 


Suppose 


(6.4.10) 


^ + (2X-l)R-2a < 0 

R 


(6'.4.6) provides 
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3S __ 1 

30 ' '(b-ry 

where 1(R) - -(j^ + (2X~l)R-.2a) > 0, (follows in view of (6,4,10)) 

Hence, the minimum of S(R,0) w-.r.t', e is attained at 0 =0, 
let it he 1(R). Then 


1(R) = S(R,0) = [2X11 +I-. 2a + (a^-d^)R''^-(h+l)x] 

and therefore, 


31 

•BET = 


(h-’l) 


[2X - ,*.] 

R^ 


Hence, 1(E.) is a decreasing function of R for 
“ ' ' '2* ’ ‘ 

If a4d > Y" •'^= , then the minimum of 1(R) with respect 

to R is attained at R = and and 


9 


(6,4.11) 



R.H.S, of (6.4.11) is the same as the R.H.S. of (6.4.9). 

Hence for r < ^ , it is positive. Also, it can he easily 

1 1 

checked that for ^ 6 < X < ^ , 


/ T \ y nr ^ ^ 

(a-td) * 

Thus we proved that if ^(2) belongs to L (X), 0 ^ > 

then f (s) is meromorphically starlike of order X in 


0 < I 2 I < ^ 

Next, we consider the case when ^ ^ ^ • 
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Suppose 

(2X~1)R + ^ - 2a > 0 
(6.4.6) witli (6.4.7) provides 


S(K,e) > 'cB-il-)' +^) 


(6 


,4.18) = 23;r.?;vT[l>+(»-l)Ca®-<i®) 


2 2 

+ (2X-l)R^«2(b+l)a] , 

The R.H.S. of (6.4.12) is a decreasing function of R for 


0 


* ' u* ’ >r- 

. -n 2 > if C?' 3 ■ Tf 

i ^ i ^ - ^2X-1‘ • ^ 


•k/o 2 .IS'* 1/2 

(a-fd) < [ '^2 -1 

then the min tom cf S(E,9) with respect to E is attained 
at R = a-td and therefore, 

. X . ^«iX)(l^br^)_>- RCferil£. , 

S (R , 0 ) ^ \'t 'n STv. ^ 


-X'+ f X^.-tolo+^gX), 

' O+S-Sx' 


ti+r)'Ci»r')- 

Since 1 >X> I, S(E,e) > 0 for r < 
provided 

x2 . .r hia'^ud'^), 

(6.4.15) (a-^) '2X-1' * ^ ^ 

^ .,X-pj‘X^+c(c+2w-2R)^ 

one can easily check that for r »' o+g-2\ 

(6.4.15) holds. 
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Suppose 

(6.4.14) (2X-.1)R +^~2a < 0. 

Then 

9S 1 ^ . 

30 - 'Cb-l) ^(^) siae 

where T(R) = — (2X— 1)R ..^4.2a>0 (in view of 6.4,14) 
Positiveness of T(R) ensures that the minimum of S(R, 0 ) 
w.r.t, 0 is attained at 0=0 
Let 


(6.4.15) L(R) = S(R,0) = [2?4i + ^- 2a+(a^-d^)R“^-Cb+l) ^ 

Obviously, it is a decreasing function of R for 


” 'o' ' w ' 

0 < R < T ^ . 


If 


(a 44) < Y — 


then the minimum of (6,4,15) is attained at R=a-fd and 


/r / 1r^ 

(6,4.16) L(a+d) = 

» |WU » r , r r I^f 

/, • ju • -p y*" ^ ^ +2""2 ?0 „ 

R.H.S . of (6.4.16) IS positive for r < = " ^c+^'SX " ‘ = ^o* 

One can easily check that for r = r^ 

9 P 

(a -Hi) < ] —2x ‘ ‘ • 

. V -X+ Y X +c ( c -f2~2X ) 

Hence, S(R,0) >0 for r < - "'^"c+2-2X * 

This proves that if P(z) belongs to S*(A), | <>^< h ^( 2 ) 

I I , — X+ X*^-fc (c42— 2X^ 

is starlike of order in 0<lzl < ■ c+2~2x ’ * 
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\le will show that the result is sharp for the function 
f(z.) [(c+l)l'(s) + 2 F'(z)] 

whero S' (a) = 

^ ^ r7 * 

xj • 


If 


]?(z) = 


then 


(6.4.17) ~ X = (1-X) .2,(1-X) .. 


I'-i^' c /H . c4-2~'2X, 


( 1 + 


2 ) (1+z) 


^ 1. ^ S. ^ > then one can easil^sr see that for 
a c , ** H+Yfgx ~ (e > 0)» ■tlie R.H.S. of (6.4.17) 


hocoTiies negative. 




Tf I < X < 1, then for z = ^c+si-2'X^''^^'^‘^^ 


‘ i‘(z - X = 0 . 


Hence the result is sharp. 

Cuj.u l.i.ai;/ 6.4.1. Let f (z) belongs to Z* and 

f (s) = »• [ (c+l)F(z) + zP' (z) ] , c > 0 . 

1 1 c 

I’hcn f (a) is meromorphically starlihe in 0 < \z\ < , 

proved that if P(z) ^elo^g 
to T* f then f(z) is starlihe meromorphic 0 j: lzl<f ^ . 

But their dain is incorrect. For ® 

attain negative values and conseq.uently S(E,e) is not always 
positive. Here is a counter example to show that their claim 

is wrong . 
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Let 

'S'{z) = 

2 • 

2 

If vie cliooce c = then according to Sohi and Goel f(z) 

is star like meromorphic ui 0 < [zj < |', it can he easily 

1 

YeriCied that z ^ ^ 


•“•Ro 


zf ^ (z) 


5 


< 0 . 


Hence, the claim of Sohi and Goel is incorrect, 
liiooi'jsm (5^,4 ,_2 Let I(z) belong to 


f(a) = i [(c+l)l'(z) + zP’(z.) ] , c > 0, 
Then f(ij) io meromorphically convex of order \ 

in 0< 1..1 < vJ_' 2 x. if 0<^<S. 


in 


0 < 2 < 


(o+2~2x) 


< \ < 


1 


file result is sharp , 

belong to Zg- and 

f (z) = I [(c+l)l’(s) + Zl’ (z) ] , c > 0. 

I’hcn f(z) is mcromorphically convex in 0 < jzj < • 

Ihcorom 6.4.3. let Kz) is close^to-convex of order 
type |3 with respect to G(z) in 0 < jz[ < 1 and 

f (z) = i[(c+l)I(z) + zP'(z) ] , 

S(z) = i[(c+l)G(z) + zG*(z) ], c > 0. 


and 



Then f (z) is close-to-^convex of order K and type p with 
respect to g(z) in 



• Since is close-to**convex of order X and type p 

with respect to G-(2) in 0 < [z| < 1, we can write 

(6. 4.18) ~ ^&'(z)"^' ~ (^“^)P(2)+ ^ where p(z) 6 ? 
Differentiating (6,4.18), we get after a simple computation 

lp(2)+2rp’ (2) ■ ’ zG^TzY^ * 

Therefore, 

(6.4.19) -Re -^ > (l-'X) [Re p(z)-|zp'(z)l'-^ ■ ”7X 

Since G(z) belongs to Z*(p), g(z) is meromorphicaldy 


star like 

of 

order p 

in 

0 < 

1^1 

- < c+S-g'p ^ 0 < p < 1 

ill 

0 < 

lz| 

1 Ik t t 1 * 

1 / r^+_l__J.,..ipXcj^“2^1 1-f 

1 ^ C+2-2P 

One can 

easily verify that 


^ p 1 • 
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Theref ore. It is sufficient to show that 


-Re 


•' > X for Izl < 

‘ ' C+2-2P 


Since G(z) "belongs to S*(p), there exists a P^Cz) S P 
such that 

zG'’ (z' 



= (l-fl)pi(z) + p 

p^(z) GP therefore, 


(6.4.20) 

Let 

Then 


- Pl ( z ) +^■^.^1 < • ’^■^ 2 ’ ( 1 ^ 1 =^) 

•i»*— r 1*— -T 


2r 


/ \ ' ) ' 1 ' ' 

R ^2j ffi tj-»li i* ^ 

(l-K))-((l~P)Pl(2)+P) 


((1-H3-P) -a(l^p))l < d(l-p) 


l+r*^ '2r 

where a = — ■ «■ and d - , 


i.e 


eW-®' 


where S = [ (l-(o-p)-a(l-p)] and T = dCl-p). 

If r < bW=FT ’ ^ “■ 

Hence, 


> lh(z)l > • < 

[Sj-T 1^1 
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App licQ, Qf f6«4 ■in ( c. A -I n \ 

m (6.4'.l9) provides 


(6,4.21) «Re ('l}'iri ^ i i-n /\ 


S Ui 


(3,29) provides that 




■ \S'.'*‘/ 


-Re 0, for |zl < , 

C+2-2P 

Shis completes the proof the theorem. 


Set I'(z) be close-to-convex of order X 
v/ibh respect to G-(z) in 0 < [z[ < 1 and 

S(2) = ^[(c+l)P(z) +zP’(s)], g(z) =|[(c+l)a(z) +zG’(z)] 

If c > 0, then f(2) is close—to—convex of order X with 
respect to G(z) 

ill 0 < 1 z 1 < 9^J§9Jk 

‘ ‘ c+2 


Remark 6.4.2. The result of Sohi and Goel Fls] follow from 
Theorem 6,4,3 by taking X =0 and p=0, 

Vife could not claim the sharpness of the result in 
Theorem 6,4.3 , However j this theorem can be restated 
without reference to the functions g(z) and G(z), 

Th e or p m_ _6^. 4_. 4 , let P(z) be regular in 0 < Izj < 1 and 

«Re z^' (z) >X for Izj < 1. 

If 

f(z) = i- [(G+l)P(z)-tziI’’ (z)] , o > 0, 

C/ 



■felien 


- Ee A.(z) > ^ , for 0 < |zl < rA+aS . 

c 

'i'lie result is sharp. 

Proof , let 

fc»a> JT T «. » 

- 3^^'(z) = (l«^)p(z) +X where p(z) GP . 

Then, we have 

~ z%' (z) = i [(c+2)z^' (z) + z^P» « (z)] 

~ z^f'(3)~X> (l~\)p(z) +i^^zp'(z) 

o 

"Re z^f ' (z)~ X ^ [ o Rep(z) - lzp’(z)[] 

IlvSinf; (6.4,20), we obtain 

-Re z^f ' (z)-X > r G" Re p(z) > 0, 

- c - 

for 0< Izl < 

The result is sha^^p for the function 

f(z) = ^ [(c+l)P(z)+zP' (z)] 5 c > 0 

v/here -z^’(z) = , 
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